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The Problem

'l
| I R"

m - a’/‘ — b—m

:22.&<.%#="The system is consistent (i.e., has a solution)*

mn
We can also think of this as 5%inear E :A’ijmj = b;
equations, where the *" equation 7=1
looks as follows:

Ai:ZU — bz



Minimizing Convex Quadratics

min f(x)=%||A:1:—b||2 & Vi@ =0 = ATAz=ATb

reR™

This system is consistent

m]iRn[f(X):%XTAX—I—bTX—i—C] = Vi(x)=0 = Ax=0b
zeRN

# = positive definite This system is consistent



The Algorithm

(6 Viewpoints)

S, T
‘f't'.i‘



1. Relaxation Viewpoint
“Sketch and Project”

(z,y)8 := ' By,  |zlls == V{z,2)8
6: Symmetric and positive definite

1 = argmin Ix" x'13

x! R™

X

subject to S'TAx = S'k

>#)*5,)<*0),1%%$=* S = m x m invertible (with probability 1)



2. Optimization Viewpoint
“Constrain and Approximate”

Tt = argmin Ix" x*!5

rER™
subject to z =az'+ B 1A' Sy

y IS free



3. Geometric Viewpoint
“Random Intersect”

let

2+ Null (ST A)
Xt—|—1

\ x! + Range(B AT S)

4)&&"* Null (STA) and Range (B ~!ATS) are B-orthogonal complement:
7)448% h! Null(STA) " (B'A"Sy,h), =(y' STAB " )Bh=y' ST AL =0

{(x*1} = “x*+ Null(STA)  'x'+ Range(B'ATS)



4. Algebraic Viewpoint
“Random Linear Solve”

+1 = golution in « of the linear system

STAx = S™b
x = x'+ B' 1AT Sy

Unknown: +% Unknown: .%



5. Algebraic Viewpoint
“Random Update”

Random Update Vector

i
[ !

o =o' — B tATS(STAB tATS) ST (At —b)

?"@ H¥ery (not necessarily square) real matrix M
has a real pseudo-inverse MT. Moore-Penrose

506&)*<-%6<)-.)2=*1. M~

MTMMT = Mt

pseudo-inverse

[}

3. (MTM)TMT = Mt
4. (MTYF = (MHT
5. (MMT)t = (MHT Mt



6. Analytic Viewpoint
“Random Fixed Point”

7 = ATS(STAB 1ATS)TST A

B — (I — B~'Z)(z' — =)

\_'._I

Random Iteration Matrix

It

* + Null(ST A) (B™'2)*=B"'Z
git! (I-B'2?=1-B'Z

B' 'Z projects orthogonally onto Range(B' 1ATS)
\ z' + Range(B~1AT5S) I — B' 1 Z projects orthogonally onto Null(ST A)






Complexity / Convergence

A1)%-)&*B8ICDEF3: every solution x* of Az = b we have

E [z —2*| = (I - B'E[Z]) E [2' — 2]

Moreover,

©  [EX X <X X"

© E[Z]! O b
p:=|I - B'E[Z]|5

IM |5 := max [[Mx] 5
lellz=1

E [l —2"[l5] <!']l2” — 27|35




The Rate: Lower and Upper Bounds

d := Rank(S? A) = dim(Range(B' 1 A1 S)) = Tr(B' 12)

+#2'G1lms thod
A1)%-)&*BI8CDEF* 2 G17me metho
(without any
ol 1" E[d] l | 1 assumptions on !
. n - P whatsoever). That is,

things can not get
Worse.

+#2'G1,=Fhe lower bound on the rate improves as the dimension of the
search space in the “constrain and approximate” viewpoint grows.



’ Special Case: Randomized

Kaczmarz Method




Randomized Kaczmarz (RK) Method

M. S. Kaczmarz. :#G)#"1)-,) *;M%2;#G/%#562,)&)# 1'#)"-)- 8I)'@1;#G)#N89--;3,%
.i ".(;),'34,-%0;% -<#2'0=5*2%74-4,"*/;%0;/%'2*;,2;/%;(%0 74 @Yd/; %0;/%!2*;,2;/%
Adobe $'(B=5'3C9;/ %;049);--;/ @9; Y%o#E%!2*;,$(B=5'3C9;/ %Bb, pp. 355-357, 1937

Kaczmarz method (1937)

.1 T. Strohmer and R. Vershynin. :*I"#$%&'()$* H"'@(&"-¢:1G%-',1&*9",1*IK<%#)#."I*
. L%#/)-G)#@)&49),'-%48%:49)*;)%#,"-./*/%',0%#11-*2'B5{ 1), pp. 262—-278, 2009

Randomized Kaczmarz method (2009)

IH*"-'2)2*"2*"*2<)@"'I*@"2)*3%-*<"-"&) BNB*set as follows=*

B = | S=¢e"=(0,...,0,1,0,...,0) with probability p;
.t . :
. Ajx” — b (AT RK was analyzed forp; = !!AA'; !;



RK: Derivation and Rate

8)#)-"1*0),1%$*

x'th = xt | -B IATS! (STAB 1ATS)T:;ST(AXH b)

5)@"1*L1% @)*%3*0"-"&),)-2*

B =1 # ot — ot _if.ll_iﬁf_?i@z!@:)'ﬁ
P(S: ei): Pi S: ei :HAz‘|2‘: _______ I

L%&<I)K',6*1" )*

t
Amin (ATA)
!Ai;!z VAL Iy 2 " min | O 2
P = AL » E 1 X'Z]#<1 A2 )'X * e




RK = SGD with a “smart” stepsize

= arg min [l — 2|} st. xzxtﬁ?ﬂAi=>T, yER
En L

X




RK: Further Reading
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D. Needell. I"#$%&'()$* H" @ (&"-¢29%61/)-*3%-*#%'26*I'#)"-*262, BT *
50 (2), pp. 395-403, 2010
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D. Needell and J. Tropp. O")$*9",1*G%%$*#, /. Yot 2H#H 6 (2 *%p3*"*
SHS%&' ()47 1% @D (&-(&),1%$ >*,:)%#-Q:R)'%',0%*(/%
#11-*2'34,/ 441, pp. 199-221, 2012
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D. Needell, N. Srebro and R. Ward. 5,%@1"2. @*G-"$")#,*$)2@)#,N*
0)'G1,)$*2"&<IHG*"#$*, 1)*-"#$%& (S H" @ (&"-¢"1G%-', 1&T*
$'(B;5'32'-%7)4Q)'55%,Q , 2015 (arXiv:1310.5715)
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A. Ramdas. 19692¥2*L%|:&#2*3%-*4'#)"-*562,)&2*%3*IP;" . YoH2*Q*
"#$%&'()$* H'@ (&"-¢%-*L%%-$'#",)*R)2@)¥BGHIIKL@MNOM




}- Special Case: Randomized

Coordinate Descent




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent in 2D




Randomized Coordinate Descent (RCD)

i A.S. Lewis and D. Leventhal. I"#$%&'()$*&),1%$2*3%-*I'#)"-* @Y%o#2,-"#,2=* @%#/)-G)#@)*
e, =) 25 #E* @ % #S' . Yo #EB;5'32/%48%STIH3), 641-654, 2010 (arXiv:0806.3015)

RCD (2008)
min f(x) = ix'Ax —b'x
X! RN

X! — A" 1b Assume: Positive definite

ILR*"-'2)2*"2*"2<) @"'I*@"2)*3%-*<"-"&) BiB*set as follows="
B=A S=¢ =(0,...,0,1,0,...,0) with probability p;

Recall: In RK we had 6 ="%

— _Ai
(Ai:)T Xt Ly . RCD was analyzed for pi = 5z

el
Aj

x'* o= xt




RCD: Derivation and Rate

8)#)-"1*0),1%$*

x'th = xt | -B IATS! (STAB 1ATS)T:;ST(AXH b)

P(S=¢€)=p

L%&<I)K',6*1" )*

)\min(A) !
Aii t_ * |12 . 0_ * (12
b=y W Bl -] < (1= ) e o




RCD: “Standard” Optimization Form

i Yurii Nesterov. J[@")#@6*%3*@%%-$'#",)*$)2@)#,*&), 1%$2*%#*1;G)\2@"1)*%<.& (" Yoi*
s <-%7)&2T*#3$%&@%4,%S135*| P3):341-362, 2012 (CORE Discussion Paper 2010/2)

Nesterov considered mln f (aj) Convex ahnd
. smoot
the problem: rER"

Nesterov assumed that the . L. 19
following inequality holds for flx+he') < f(x) + Vif(z)h+ 3 h

all +B%nd *
/ f(x)= 32T Az! bT2 "
Li=Ai 1 f0)=(A)'x" b

Given a current iterate +, choosing
B%y minimizing the RHS gives:% v

-0/ /N\D *| * 0HH=>*
])2’) /"2*ILR &)’1 /0% We recover RCD as we have seen it:%

1 . T ot
t+1 —§7~f(ajt)ez t+1 _ ot (Ai:)'x* I b
( X = x| e

Li Ai

I :CCt—




’ Special Case: Randomized .

Newton Method




Randomized Newton (RN)

i Z.Qu, PR, M. Taka¢ and O. Fercoq. 5,%@1"2. @*R;"I*])9,%#*: 2 @)#,*3%-*J&<'-'@"*I'2U*
Adob

0'#&' (" %#T* YF*GHIMKN @ KNIULY
SDNA
min f(x) = ix'Ax —b'x
x! RN
X! — A" 1b Assume: Positive definite

I]*"-'2)2*"2*"*2<)@"' I*@"2)*3%-*<"-"&),) B set as follows=*

B=A S = 1. with probability pc
pCZO \V/Cg{177n} Z pC:]-
CC{1,...,n}

RCD is special case with po = 0 whenever |C| # 1



RN: Derivation

8)#)-"1*0),1%$*

xtth = xt | -B IATS! (STAB _1ATS)T ST(AxtI b)

59@"I*L1%'@)*%3*0"-"&),)-B*= A
‘ S = I. with probability pc

=t Lo (L) ALY ! (o) (Aat 1 D))

This method minimizes 8&kactly in a random subspace
spanned by the coordinates belonging to A%



N
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B
s
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Special Case:

Gaussian Descent




Gaussian Descent

8)#)-"1*0),1%$*

x'th = xt | -B IATS! (STAB 1ATS)T:;ST(AXH b)

59@"I*L1%'@)*%3*0"-"&),)-2*
b1t =§T_<_4_x_t____§)ir_:i__%__":
SI N (O, Z) » T =1 _r-T'A'B“ 'ATS‘:, A S

Positive definite covariance matrix
L%&<I)K',6*1" )*

E[|lz" —2"[I5] < p'llz” — 2|5



pttl — ot htB_l/Qf
£:= B~1/24TgS
&~ N(0,Q)

Q:= B 1/2ATx AB~1/?

\




Gaussian De

4)&8&"*B8I"DE

el

scent: The Rate

%

11113

‘ 2 )\min(Q)

p<1

m Tr(2)

Eld]

This follows from the general lower bound 1 — —— < p since 0%1

n



Gaussian Descent: Further Reading

Yurii Nesterov. "#$%&*G-"$")#,\3-))*&'#'&'(".%#*%3* @ Yo#/ ) K*
3:#@.%#ZLDRE Discussion Paper # 2011/1, 2011

S. U. Stitch, C. L. Muller and G. Gartner. ><.&'(".%#*%3* @ %#/)K*
3 #H@.%#2*9", 1*-"#$%&*<;-2;' SIAM Journal on Optimization 23 (2),
pp. 1284-1309, 2014

S. U. Stitch. L%#/)K*%<.&'(".%#*9", 1*-"#3$%&*<;-2;', TPhD Thesis,
ETH Zurich, 2014







Summary

| A single method
—lrecovers many existing algorithms (RK, RCD, RN, ...)

—lleads to an infinite array of new algorithms (e.g., Gaussian
variants)

*l New insight into existing algorithms
—!6 equivalent views
—Istandard probability distribution is not optimal
—loptimal sampling = SDP
| Allows for extensions
—Inonlinear case
—lregularizers
—linverting matrices

—ldistributed methods
—lconstruct ! based on data matrix #%



Importance Sampling

/ «
v —’ X s
T
FRa RN - .
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Importance Sampling

Assume that ! is discrete:

S =S, with probability p; (i=1,...,r)

_)2.%#*

Consider S1,...,S, fixed. How to choose the probabilities pi,...,p,
which optimize the convergence rate p = 1 — A\ (B 1E[Z]) 7

max { Amin (B TE[Z]) subject to Zpi =1, p>0

b 1=1
magx t
el Can be reformulated as an SDP (Semidefinite " )
Program) subject to  » p; (Vi(ViIVi)TVT) =¢-1,
! Leads to different probabilities than those =1 )
proposed for RK and RCD! p >0, pi=1
Vvi — B_1/2ATSZ' ;



RCD: Optimal Probabilities Can Lead
to a Remarkable Improvement

. Rate for
Rate {;;r%?j)/’)‘# Y, %<.&"I* Lower bound
<7 T'I")2* <-%7"T7T'l'.)2* on the rate
' (solving SDP)
data set Pe p* 1—1/n
rand(50,50) 1—2-10"° 1—-3.05-100% 1-2.10"2

mushrooms-ridge 1-586-10"% 1-715-107°% _ 1-8.93-1073
aloi-ridge 1—217 1_Q__7_ | 1—1.26410"% | 1—-7.81-10"3
liver-disorders-ridge | 1 —5.16 - 1_0_:__ 1-825-1073 1—-1.67-10"1
covtype.binary-ridge | 1 — 7.57 llO 1411 —-1.48 01076 1 1—1.85-10"2




error

10°

10-10

RK: Convenient vs Optimal

" 1 L L L L L 2 " " "
O~ Kaczmarz
" -+ -~ Kaczmarz-popt
¥-..O...."'
+ 0.
_‘ “O..._
+ O
_‘_ ...... o.
——— — .
0 0.5 1 1.5
time (s)

(a) liver-disorders-popt-k

error

10°

10-10

. 1 s . " 5 L . i i 2

Q- Kaczmarz
~ + ~Kaczmarz-popt

0.2
time (s)

(b) rand(500,100)



RCD: Convenient vs O

10°

error

10—10

error

D CD pd
-+ -CD pd-opt
+
k.
+ o O-...... O-......
'_’;_ o {0 ST o W Fo NI o)
3
time (s)
(a) aloi
«QCD pd
-+ ~-CD pd-opt
3]
t o
OO0
_-’_’- ...... OOO
+
0 0 - 5 1

time (s)

(c) liver-disorders-ridge

error

ptimal

5 L A i L | = . . - -
10 «Q-~CD pd
-+-CD pd-opt
M
0 \
}_—: +.
0 o
.
- +~
- * -
o .................. * - ~+ oo
. O Fo . S ' o o 1 +b i
lo . . . . T - . r ¥ T T T T
o 20 40 60
time (=s)
(b) covtype.libsvm.binary
10 =QO-~CD pd
-+ -CD pd-opt
b+.~q.;...‘, _______
L.
90
10'10..'-1""' '
0 20 40 60

time (s)

(d) mushrooms-ridge-opt



Experiments




Synthetic data

error

error

“|-+-cp Ls

- ¥ -Kaczmarz

Gauss LS

Gauss Kaczmarz|f

~-O- Gauss LS
-+ -CD LS

- ¥ -Kaczmarz

Gauss Kaczmarz|f

102

10
time (s)

(b) sprandn

error

error

|-+-cp Ls

«O-- Gauss LS

Gauss Kaczmarz|f

- ¥ -Kaczmarz

Q !

O,

5 10
flops

15

><109

(5% 1,000; , = 500)

102

3 ' ]
O Gauss LS [
-+-CD LS .

Gauss Kaczmarz|f
- ¥ -Kaczmarz s
3
o, !
™~
'qu
R

0 5 10

flops x10°

(5% 1,000; , = 500)



Real data (Matrix Market)

error

error

10

-0 Gauss LS

-+-CD LS
Gauss Kaczmarzit

- *E Kaczmarz [

Q&%‘M iy

T

102

[
[y
°l o
A <) o
o '—‘—*—L‘-"‘“J—‘hum‘l—w%—irh'. FERITIN

: 10
time (s)

-0 Gauss LS
-+ ~-CD LS

10 Gauss Kaczmarz _
564 - ¥ -Kaczmarz X
tj 10 0 3
0
10-1 . O _
Y O
¥ Oy

102+ O

0 5 10 15
flops x10°

(a) i11c1033 (9% 1,850;, =750)

O+ Gauss LS
-+ -CD LS

Gauss Kaczmarz
- ¥ - Kaczmarz

100
time (s)

(b) wel11033

10 2 | ! * E
] 3
i ~O-- Gauss LS I
11 |-+-cD Ls
10 F] 3
3 Gauss Kaczmarz|;
8 - ¥ - Kaczmarz [
n 10° 3
Q F
10 -1 “O. E
"o..,_O
X o
1024 ,ﬁ: —— ]
0 2 4 6

flops x10%°

(5% 1,033; , =320)



