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Fibonacci numbers mod n

Everybody knows the sequence 0, 1, 1, 2, 3, 5, 8, . . . ,
given by the rule f0 = 0, f1 = 1 and fk+1 = fk + fk−1.

Fibonacci numbers mod n?

Say if n = 7, 0, 1, 1, 3, 5, 1, 6, 0, 1, . . . ,

we get a periodic sequence with a period of length 8.

Problem
What is the length of the period of {fk} mod n in general?
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Maps of type {m,n}

Map of type {m,n} is an n-valent tesselation of a
surface by m-gons, classical examples Platonic maps,
Coxeter maps of types {4, 4}, {3, 6} and {6, 3}, Klein
map of genus 3 and type {3, 7}.

Universal map M̃(m,n) of type {m,n} = tesselation of
a simply connected surface,

three types - spherical, Euclidean, hyperbolic

M̃(m,n) are highly symmetrical with the group of
orientation preserving symmetries Γ(2,m, n).
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Subgroup-map correspondence

Theorem
Every map of type {m,n} is a quotient of the universal map by some
torsion-free subgroup M ≤ Γ(2,m, n),
Every regular map of type {m,n} is a quotient of the universal map
by some normal torsion-free subgroup M E Γ(2,m, n),

Example: Coxeter maps of type {4, 4} all arise from the Euclidean
rectangular grid by factorisation by a group of translations which is
free abelian of rank two! Regular maps of type {4, 4} are the maps
{4, 4}p,q, if 1

m
+ 1

n
< 1

2
, then a classification is not in hand!!!
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Petrie polygons

Petrie walk
Given a map M we may form a “zig-zag” paths by taking walks such
that any two consecutive edges, but no three, belong to a face of M.

Petrie dual
The Petrie dual MP of a map M is a map with the same underlying
graph as M, whose face boundaries are closed Petrie polygons.

Observation
If M is a regular map then the length of the Petrie polygons is equal
to 2|[x, y]| = 2|xyx−1y|, where 〈x, y〉 = Aut(M). In particular, it is
even.

R. Nedela (ZCU) On adding fractions by the rule a
b

+ c
d

= a+c
b+d

. . . Bratislava, 2016 5 / 15



Petrie polygons

Petrie walk
Given a map M we may form a “zig-zag” paths by taking walks such
that any two consecutive edges, but no three, belong to a face of M.

Petrie dual
The Petrie dual MP of a map M is a map with the same underlying
graph as M, whose face boundaries are closed Petrie polygons.

Observation
If M is a regular map then the length of the Petrie polygons is equal
to 2|[x, y]| = 2|xyx−1y|, where 〈x, y〉 = Aut(M). In particular, it is
even.

R. Nedela (ZCU) On adding fractions by the rule a
b

+ c
d

= a+c
b+d

. . . Bratislava, 2016 5 / 15



Triangulations and the modular group

If we are restricted to triangulations, then the universal group is the
modular group

Γ = Γ(2, 3,∞) = 〈x, y | x2 = y3 = 1〉.

x is a rotation of order three fixing a triangle T , y is a rotation of
order two fixing an edge of T , if |xy| > 6, then the underlying surface
is hyperbolic,
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From Wikipedia. . .

. . . the modular group is the projective special linear group
PSL(2,Z) of 2 x 2 matrices with integer coefficients and unit
determinant. The matrices A and -A are identified. The modular
group acts on the upper-half of the complex plane by fractional linear
transformations,. . .
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Another “planar” representation of M̃(3,∞)
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Triangles in Farey map

1 principal triangle ∆(1
0
, 1
1
, 0
1
)

2 general triangle: ∆(a
c
, a+b
c+d

, b
d
)

3 if T =

(
a b
c d

)
, then ∆(a

c
, a+b
c+d

, b
d
) = T∆(1

0
, 1
1
, 0
1
)
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Petrie walk in Farey map

1
0
, 0
1
, 1
1
, 2
3
, 3
5
, . . . What is the rule?

k − th member is fk
fk+1

.

P =

(
0 1
1 1

)
, then P fk

fk+1
= fk+1

fk+2
, P /∈ Γ, but P 2 ∈ Γ.
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Principal congruence subgroups Γ(n)

A particular nice family of normal subgroups:

Γ(n) =
{(a, b

c, d

)
∈ Γ | {

(
a b
c d

)
≡ ±

(
1 0
0 1

)
(mod n)

}

The quotients of the Farey map by Γ(n) for n = 2, 3, 4, 5, 6, 7 are the
triangle, the tetrahedron, the octahedron, the icosahedron, Coxeter
{3, 6}2,2, and the Klein map of type {3, 7}.
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The Petrie polygon in Klein mapM3/Γ(7)

8 DAVID SINGERMAN AND JAMES STRUDWICK

Figure 2. Petrie Polygon

intervals [fk�1

fk
, fk

fk+1
] . Note that f�k

f�k+1
= (�1)k�1fk

(�1)kfk�1
= � fk

fk�1
and hence

the transformation R : t 7! �1
t

represented by the matrix
✓

0 1
�1 0

◆

is an automorphism of Pe(1) . Also T = P 2 =

✓
1 1
1 2

◆
is an auto-

morphism of Pe(1) that belongs to � . Note that R2 = (TR)2 = I so
that T and R generate an infinite dihedral group of automorphisms of
Pe(1) .
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Periods/semi-periods of Fibonacci sequence mod n

Definition
Semi-period σ(n) of the Fibonacci sequence is the the least m such
that fm−1 ≡ ±1 mod n, and fm ≡ 0 mod n.
Pisano period π(n) of the Fibonacci sequence is the the least m
such that fm−1 ≡ 1 mod n, and fm ≡ 0 mod n.

Example: n = 7, 0, 1, 1, 2, 3, 5, 1, 6, 0, . . ., σ(7) = 8 and π(7) = 16.

Two problems

Determine σ(n) and π(n)!!! In particular, for which n σ(n) = π(n)?
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Some answers by Singerman and Strudwick

1 σ(n) is exactly the length of the Petrie polygons in M3/Γ(n)

2 σ(n) is the multiplicative order of ρ in Z∗
n[ρ].

3 Zn[ρ] = {a+ bρ | a, b ∈ Zn}, α is a unit if αα∗ = ±1,

4 where α∗ = a− bρ.

5 If p ≡ 2 mod 5 be an odd prime . Then π(p) = 2σ(p)

6 If p ≡ 11, 19 mod 20 be an odd prime . Then π(p) = σ(p)
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THANKS!

. . . but what is the socio-economic impact of it?
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