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Motivation
Empirical Risk Minimization

o Object-label pairs (x;,y;) € R? x R appear naturally in
the world with unknown distribution D
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Motivation
Empirical Risk Minimization

o Object-label pairs (x;,y;) € R? x R appear naturally in
the world with unknown distribution D

e Find a vector w € R9 such that for (x;,y;) ~ D we get
X/'TW ~ i
@ More precisely, we wish to find w solving

mmi/n E(x.yi)~D [/OSS(X;TW7 YI)}
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Motivation
Empirical Risk Minimization

o Object-label pairs (x;,y;) € R? x R appear naturally in
the world with unknown distribution D

e Find a vector w € R9 such that for (x;,y;) ~ D we get
X,-TW S
@ More precisely, we wish to find w solving
mmi/n E(x.y)~D [/oss(x,-TW7 )]

© Draw sample pairs (x;, y;)"_; from D
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Motivation
Empirical Risk Minimization

o Object-label pairs (x;,y;) € R? x R appear naturally in
the world with unknown distribution D

e Find a vector w € R9 such that for (x;,y;) ~ D we get
X/'TW ~ i
@ More precisely, we wish to find w solving

mmi/n E(x.yi)~D [/OSS(X;TW7 YI)}

@ Draw sample pairs (x;, y;)7_; from D
© Take the empirical average

mm—Z/oss X' w,y;)
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Empirical Risk Minimization

Regularized ERM:

min
weRd

def 1
z¢, ) ||w||2]
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Empirical Risk Minimization
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min
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def 1
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Empirical Risk Minimization

Regularized ERM:

min
weRd

def 1
z¢, ) ||w||2]

@ supervised learning

e train a linear predictor w € R

@ n training samples x, ..., x, € RY

@ convex and 1/~-smooth loss function ¢; : R — R

o ex.: Squared loss (¢i(a) = %(a —i)?),

Logistic loss (¢i(a) = %Iog(l + e~ yia)), ...
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Empirical Risk Minimization

Linear Regression
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Empirical Risk Minimization

Linear Regression Logistic Regression

-.'» ~.é -rf-:-,

" ,_,,.":‘ ,@@&% “

¢i(u) = =(u—y)? ¢i(u) = log(1 + exp(—yiu))
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A picture is worth a thousand words
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Primal Dual Formulation

@ Regularized ERM:

min
weRd

)< = Z@XW —HWH2]
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Primal Dual Formulation

@ Regularized ERM:

min
weRd

)<= Z@ X' w) —HWH2]
@ Dual problem of the regularlzed ERM:
n 2 1 n
ZXiOéi T Z o7 (—ai)
i=1 2 i=1 ,

~
quadratic strongly convex
and separable

def
org%)s Dla) = - 2\n?
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Primal Dual Formulation

@ Regularized ERM:

min
weRd

)<= Z@ X' w) —HWH2]
@ Dual problem of the regularlzed ERM:
n 2 1 n
ZXiOéi T Z o7 (—ai)
i=1 2 i=1

7
quadratic strongly convex
and separable

def
org%)s Dla) = - 2\n?

e Optimality conditions:
* 1 - *
OPT1: w" = E'Z_;x,-a,
OPT2: af = —V¢i(x'w*), Vi=1,...,n.
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Optimality Conditions
o Regularized ERM:

min
weRd

def 1
z¢, ) ||w||2]
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Optimality Conditions

@ Regularized ERM:

min
weRd

)< = Z@XW —HWH2]

S 1 <
=VP(w*) == Voi(x!w*) + \w*
0= VP(w") ”,E:1XV¢(XIW)+ w
12” \
:Eizl)(iai’
5 def T %
where af = —Voi(x;' w*)
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Optimality Conditions

@ Regularized ERM:

mln
weRd

Z(bl X W _”WH2]

” 1 <
0=VP(w") = - ZX,-V(b,-(x,-TW*) + Aw*

i=1
* 1 *
OPT1: w*= EZX[CK-

OPT2: of = —Vai(x;'w*) Vi=1,...,n
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Stochastic Dual Coordinate Ascent

Algorithm SDCA
1: fort=1,... do

2:  Update w*! according to OPT1
3:  Randomly sample i€ 1,...,n

4. Update a!™ according to OPT2
5. until happy

6: end for
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Stochastic Dual Coordinate Ascent

* 1 i *
OPT1: w :)\—Z X;

-1
OPT2: af = —V¢i(x' w*), Vi=1,...,n.

Algorithm SDCA

1: fort=1,... do
2 t+1 )\ln 7:1 X"a;:
3:  Randomly sample i € 1,...,n
1 Xj
&ttt = argmaxsen {~07(—B) — (x w)5 — Lil'|5 - at?}
5. until happy
6: end for
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Stochastic Dual Coordinate Ascent

* 1 i *
OPT1: w :)\—Z X;

—1
OPT2: af = —V¢i(x' w*), Vi=1,...,n.

Algorithm SDCA

1: fort=1,... do
11
2 witt = 23 xiaf
3 Randomly sample i € 1,...,n
4 t+1 _ —¢ (=) — ( T 8 — lIxill2 18 — atf?
SNeY arg maXgeg } X' w Sk al
5. until happy
6: end for
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Uniform and Importance Sampling

Uniform sampling ( SDCA: [ Shalev-Shwartz & Zhang 13’ ],... )

1
pi = Prob(i is sampled) ~ —,
n

Iteration complexity:

& (n—l— max; ||x,-||2)
Ay
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Uniform and Importance Sampling

Uniform sampling ( SDCA: [ Shalev-Shwartz & Zhang 13’ ],... )

1
pi = Prob(i is sampled) ~ —,
n

Iteration complexity:

& (n+ max; ||x,-||2>
Ay

Importance sampling (' Iprox-SDCA: [Zhao & Zhang 15'],...)

pi = Prob(i is sampled) ~ ||x;||*> + \yn,

Iteration complexity:

15 (52
0 (4 =)
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Stochastic Dual Coordinate Ascent

Algorithm SDCA
1. fort=1,... do

. wttl — 1 n t

2 = 3n Zui=1 X4 .

3:  Randomly sample i € 1,...,n according to a fixed dis-
tribution p

&l = argmaxsen {—07(—B) — (w5 — LL|5 -t}
5. until happy
6: end for
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Adaptive Stochastic Dual Coordinate Ascent

Algorithm AdaSDCA
fort=1,... do

t+1 1 n
i=1 X,Oz

— X
Randomly sample i € 1,. .., n according to p*

1
2
3:
b of* = argmaxses { —01(~5) — (5 w)s — L5 - HZ}
5. Change/adapt the probability distribution p* to get p**

6: until happy

7: end for
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Adaptive Stochastic Dual Coordinate Ascent

Algorithm AdaSDCA
fort=1,... do

t+1 1 n
i=1 X,Oz

— X
Randomly sample i € 1,. .., n according to p*

1
2
3:
b of* = argmaxses { —01(~5) — (5 w)s — L5 - HZ}
5. Change/adapt the probability distribution p* to get p**

6: until happy

7: end for

How to change the distribution?
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Dual Residue

@ Measure of progress: based on
OPT2: af = —V¢i(x'w*), Vi€ [n].
we introduce the dual residue !

def :
KEE ol +Voi(xwh), i=1,...,n
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Dual Residue

@ Measure of progress: based on
OPT2: af = —V¢i(x'w*), Vi€ [n].
we introduce the dual residue !
K} def af +Voi(x wh), i=1,...,n

e Note: at optimality, xkf =0, Vi=1,...,n
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Optimal Adaptive Sampling

o Let e
pf = Prob(i is sampled at iteration t)
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Optimal Adaptive Sampling

o Let o
p! = Prob(i is sampled at iteration t)

@ According to the theory, the best adaptive sampling is

pi ~ [5ily/ lIxill3 + nxy
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Optimal Adaptive Sampling

o Let o
p! = Prob(i is sampled at iteration t)

@ According to the theory, the best adaptive sampling is
pi ~ |rily/ Ixill3 + Xy

@ Issue: calculating <! and sampling according to it at
every iteration is very costly
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Adaptive Stochastic Dual Coordinate Ascent

Optimal algorithm:

Algorithm AdaSDCA
1: fort=1,... do

. t+1 _ 1 n At
2: w = 35 2ui=1 x,q,- .
3:  Randomly sample i € 1,..., n according to p*

& aft = argmaxses { —01(—8) — (' w)8 — L |5 — ot}
5. Set p™t ~ [rf[\/[xl3 + nAy

6: until happy

7: end for
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Adaptive Stochastic Dual Coordinate Ascent

Optimal algorithm:

Algorithm AdaSDCA
1: fort=1,... do

. t+1 _ 1 n At
2: w = 35 2ui=1 x,q,- .
3:  Randomly sample i € 1,..., n according to p*

& aft = argmaxses { —01(—8) — (' w)8 — L |5 — ot}
5. Set ptt o Jut]y/TwlB + Ay

6: until happy

7: end for

. but infeasible to implement.
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Adaptive Stochastic Dual Coordinate Ascent +

Efficient heuristic implementation AdaSDCA+:

Algorithm AdaSDCA+

1: fort=1,... do

9:

if mod(t,n) == 1 then
Set p* ~ [kj[\/[|x]l3 + nAy
end if
t+1 )\1n 7:1 X’.a;:
Randomly sample i € 1,. .., n according to p*
ottt = argmaxser {—07(—B) — (7 w)5 — Ll |5 - at?}
Set pftt ~ pttt/m

until happy

10: end for
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Computational Cost per Epoch

Algorithm cost of an epoch
SDCA O(nnz)
IProx-SDCA | O(nnz +nlog(n))
AdaSDCA O(n - nnz)
AdaSDCA+ | O(nnz+nlog(n))

Table 1 : One epoch computational cost of different algorithms
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Numerical Experiments

<Ada+ Opt.|
~ =Ada+ Opt.ll
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g ~SDCA
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Figure 1 : w8a dataset d = 300, n = 49749.
Quadratic loss, A =1/n,v = 1.
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Numerical Experiments

<Ada+ Opt.l
=Ada+ Opt.ll
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Number of iteration/n

Figure 2 : covl dataset: d = 54,n = 581,012.
Smooth Hinge loss, A =1/n,v = 1.
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@ First analysis of an adaptive probability distribution
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@ First analysis of an adaptive probability distribution

@ Theoretical method AdaSDCA beats the current
state-of-the-art
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@ First analysis of an adaptive probability distribution

@ Theoretical method AdaSDCA beats the current
state-of-the-art

e Efficient heuristic implementation AdaSDCA+

e Follow-up: parallel version of AdaSDCA and
AdaSDCA-+
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Thank you for your attention!
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