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Introduction

Recall that a girth is the length of a minimal cycle in a simple
graph. Studies of maximal size ex(C3,C4, . . . ,C2m, v) of the
simple graph on v vertices without cycles of length 3, 4, . . . , 2m, i.
e. graphs of girth > 2m, form an important direction of Extremal
Graph Theory.
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Introduction

As it follows from the famous Even Circuit Theorem by P. Erdős’
we have inequality

ex(C3,C4, . . . ,C2m, v) ≤ cv1+1/n,

where c is a certain constant.

The bound is known to be sharp only for n = 4, 6, 10. The first
general lower bounds of kind ex(v ,C3,C4, . . .Cn) = Ω(v1+c/n),
where c is some constant < 1/2 were obtained in the 50th by
Erdős’ via studies of families of graphs of large girth, i.e.
infinite families of simple regular graphs Γi of degree ki and order
vi such that g(Γi ) ≥ c logki vi , where c is the independent of i
constant. Erdős’ proved the existence of such a family with
arbitrary large but bounded degree ki = k with c = 1/4 by his
famous probabilistic method.
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Introduction

Only two explicit families of regular simple graphs of large girth
with unbounded girth and arbitrarily large k are known: the family
X (p, q) of Cayley graphs for PSL2(p), where p and q are primes,
had been defined by G. Margulis [12] and investigated by A.
Lubotzky, Sarnak [13] and Phillips and the family of algebraic
graphs CD(n, q) [14]. Graphs CD(n, q) appears as connected
components of graphs D(n, q) defined via system of quadratic
equations. The best known lower bound for d 6= 2, 3, 5 had been
deduced from the existence of above mentioned families of graphs
ex(v ,C3,C4, . . . ,C2d) ≥ cv1+2/(3d−3+e) where e = 0 if d is odd,
and e = 1 if d is even.
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Introduction

Recall, that family of regular graphs Γi of degree ki and increasing
order vi is a family of graphs of small world if
diam(Γi ) ≤ c logki(vi ) for some independent constant c , c > 0,
where diam(Γi ) is diameter of graph Gi . The graphs X (p.q) form
a unique known family of large girth which is a family of small
world graphs at the same time. There is a conjecture known from
1995 that the family of graphs CD(n, q) for odd q is another
example of such kind. Currently. it is proven that the diameter of
CD(n, q) is bounded from above by polynomial function d(n),
which does not dependent from q.
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Introduction

Expanding properties of X (p, q) and D(n, q) can be used in Coding
Theory (magnifiers, super concentrators, etc ). The absence of
short cycles and high girth property of both families can be used for
the construction of LDPC codes [15]. This class of error correcting
codes is an important tool of security for satellite communications.
The usage of CD(n, q) as Tanner graphs producing LDPC codes
lead to better properties of corresponding codes in the comparison
to usage of Cayley - Ramanujan graphs X (p, q)(see [16]).

Both families X (p, q) and CD(n, q) consist of edge transitive
graphs. Their expansion properties and the property to be graphs
of a large girth hold also for random graphs, which have no
automorphisms at all. To make better deterministic approximation
of random graph we can look at regular expanding graphs of a
large girth without edge transitive automorphism group.
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Introduction

We consider below optimisation problem for simple graphs which is
similar to a problem of finding maximal size for a graph on v
vertices with the girth ≥ d .
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Introduction

Let us refer to the minimal length of a cycle, through the vertex of
given vertex of the simple graph Γ as cycle indicator of the vertex.
The cycle indicator of the graph Cind(Γ) will be defined as the
maximal cycle indicator of its vertices. Regular graph will be called
cycle irregular graph if its indicator differs from the girth (the
length of the minimal cycle). The solution of the optimization
problem of computation of the maximal size e = e(v , d) of the
graph of order v with the size greater than d , d > 2 has been
found very recently.

It turns out that

e(v , d)⇔ O(v1+[2/d ])

and this bound is always sharp (see [17] or [18] and further
references).
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Introduction

We refer to the family of regular simple graphs Γi of degree ki and
order vi as the family of graphs of large cycle indicator, if

Cind(Γi ) ≥ clogki(vi )

for some independent constant c, c > 0. We refer to the maximal
value of c satisfying the above inequality as speed of growth of
the cycle indicator for the family of graphs Γi . As it follows from
the written above evaluation of e(v , d) the speed of growth of the
cycle indicator for the family of graphs of constant but arbitrarily
large degree is bounded above by 2.
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We refer to such a family as a family of cyclically irregular graphs
of large cycle indicator if almost all graphs from the family are
cycle irregular graphs.

THEOREM 1

There is a family of cyclically irregular graphs of large cycle
indicator with the speed of cycle indicator 2, which is a family of
graphs of small word graphs.

The explicit construction of the family A(n, q) like in previous
statement is given in [17], [18]. Notice, that members of the
family of cyclically irregular graphs are not edge transitive graphs.
The LDPC codes related to new families are presented in [19],
computer simulations demonstrate essential advantages of the new
codes in comparison to those related to CD(n, q) and D(n, q).
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Graphs D(n, q) and CD(n, q) have been used in symmetric
cryptography together with their natural analogs D(n,K ) and
CD(n,K ) over general finite commutative rings K since 1998 (see
[6]). The theory of directed graphs and language of dynamical
system were very useful for studies of public key and private key
algorithms based on graphs D(n,K ), CD(n,K ) and A(n,K ) (see
[21], [23], [20], [25] and further references).

There are several implementations of symmetric algorithms for
cases of fields (starting from [7]) and arithmetical rings ([22], in
particular). Some comparison of public keys based on D(n,K ) and
A(n,K ) are considered in [24].
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On directed balanced graphs without commutative diagrams

The missing theoretical definitions on directed graphs the reader
can find in [16].

Let φ be an irreflexive binary relation over set M, i.e. φ be a
subset of M ×M which does not contain elements of kind (x , x).
We write x → y or xφy for (x , y) ∈ φ and identify binary relation
φ with the corresponding directed graph or shortly digraph. The
pass of a digraph is a sequence x0 → x1 → x2 → · · · → xs . We
refer to a parameter s as the length of the pass.

We refer to a pair of passes x0 → x1 → x2 · · · → xs and
y0 → y1 → y2 → · · · → yr of length s as commutative diagram
Os,r if x0 = y0, xs = yr , and xi 6= yj for 0 < i < s and 0 < j < r .
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On directed balanced graphs without commutative diagrams

We refer to the parameter max(r , s) as the rank of Os,r . Notice
that the digraph may have a directed cycle Os = Os,0:
v0 → v1 → . . . vs−1 → v0, where vi , i = 0, 1, . . . , s − 1, s ≥ 2 are
distinct vertices.

We will count directed cycles as commutative diagrams.

We refer to a digraph as a diagram free one if it does not contain
digraph of rank ≥ 2.

We use term balanced digraph for the digraph Γ corresponding
to irreflexive binary relation φ over finite set V such that for each
v ∈ V sets {x |(x , v) ∈ φ} and {x |(v , x) ∈ φ} have the same
cardinality.

We say that balanced digraph Γ is k-regular if for each vertex
v ∈ Γ the cardinality of {x |(v , x) ∈ φ} is k .
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On directed balanced graphs without commutative diagrams

Notice that each k-regular simple forest is a diagram free digraph.
A simplest examples of diagram free digraph which is not simple
graph is a balanced digraph of degree 1:

. . . x−2 → x−1 → x−0 → x1 → x− . . . .

As it follows instantly from definitions a diagram free k-regular
balanced digraph for k ≥ 2 is an infinite one.

For the investigation of commutative diagrams we introduce girth
indicator gi, which is the minimal value for the rank of
commutative diagram Os,t , s + t ≥ 3. Notice that two vertices v
and u at distance < gi are connected by unique pass from u to v
of length < gi.
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On directed balanced graphs without commutative diagrams

In case of symmetric binary relation gi = d implies that the girth
of the graph is 2d or 2d − 1. It does not contain even cycle
2d − 2. In general case gi = d implies that g ≥ d + 1. So in the
case of family of graphs with unbounded girth indicator, the girth
is also unbounded. We also have gi ≥ g/2.

We assume that the girth g(Γ) of directed graph Γ with the girth
indicator d + 1 is 2d + 1 if it contains commutative diagram
Od+1,d . If there are no such diagrams we assume that g(Γ) is
2d + 2.

In the case of symmetric irreflexive relations the above mentioned
general definition of the girth agrees with the standard definition of
the girth of simple graph, i.e the length of its minimal cycle.
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On directed balanced graphs without commutative diagrams

We will use the term family of graphs of large girth for the family
of balanced directed regular graphs Γi of degree ki and order vi
such that gi(Γi ) is ≥ c logki vi , where c ′ is the independent of i
constant.

As it follows from the definition g(Γi ) ≥ c ′logki (vi ) for appropriate
constant c ′. So, it agrees with the well known definition for the
case of simple graphs.

We refer to a family of balanced directed graphs as a family of
graphs of increasing girth if gi(Γi ) is unbounded function in
variable i and gi(Γi ) ≤ gi(Γi+1) for every i .
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On directed balanced graphs without commutative diagrams

The diameter is the maximal length d of the minimal shortest
directed pass a = x0 → x1 → x2 · · · → xd between two vertices a
and b of the directed graph. Digraph of finite diameter is called a
strongly connected one.

Recall that balanced digraph is k-regular, if each vertex of G has
exactly k outputs. Let G be the infinite family of finite ki regular
digraphs Gi of order vi and diameter di .

We say, that F is a family of small world graphs if
di ≤ C logki (vi ), i = 1, 2, . . . for some independent on i constant
C . The definition of small world simple graphs and related explicit
constructions the reader can find in [3]. For the studies of small
world simple graphs without small cycles see [9], [20] and [33].
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On directed balanced graphs without commutative diagrams

Let us refer to the minimal girth indicator, through the vertex of
the directed balanced Γ as diagram indicator of the vertex.
The diagram indicator of the graph Dind(Γ) will be defined as
the maximal diagram indicator of its vertices. We refer to the
family of regular balanced digraphs Γi of degree ki and order vi as
the family of digraphs with large diagram indicator, if
Dind(Γi ) ≥ c logki(vi ) for some independent constant c , c > 0.
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On directed balanced graphs without commutative diagrams

Let F be a list of directed graphs and P be some graph theoretical
property. By ExP(v ,F ) we denote the greatest number of arrows
of F -free directed graph on v vertices satisfying property P (graph
without subgraphs isomorphic to graph from F ). We will omit the
index P in this section if P is just a property to be a balanced
directed graph.
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On directed balanced graphs without commutative diagrams

The maximal size E(d , v) (number of arrows) of the balanced
binary relation graphs with the girth indicator > d coincides with
Ex(v ,Os,t , s + t ≥ 2 ≤ s ≤ d).

Let Ex2d+1(v)) be the maximal size of the balanced directed graph
of girth > 2d + 1, then this number coincide with
Ex(v ,Od+1,d ,Os,t ≥ 3. ≤ s ≤ d).
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On directed balanced graphs without commutative diagrams

The following analogue of (1.1) has been stated in [23].

THEOREM 2

E (d , v) <=> v1+1/d (2.1)

The proof of this statement the reader can find in [23]. The
analogue of this statements for graphs, such that number of
outputs for each vertex is the same, has been formulated in [25].

Remark 1. Let EP(d , v) be the maximal size (number of arrows)
for the balanced graph on v vertices with the girth indicator > d
satisfying the graph theoretical property P. If P is the property to
be a graph of symmetric irreflexive relation then
EP(d , v) = 2ex(v ,C3, . . . ,C2d−1,C2d) because undirected edge of
the simple graph corresponds to two arrows of symmetric balanced
directed graph. So the bound (1.5) implies the inequality (1.2).
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On directed balanced graphs without commutative diagrams

Remark 2. The precise computation of E (d , v) does not provide
the sharpness of (1.2). So the questions on the sharpness of (1.1)
and (1,2) up to magnitude for n 6= 3, 4 and 5 are still open and the
lower bound (1.5) is still the best known.

Remark 3 Balanced digraph Γ be extremal graph of order v with
the girth indicator gi with maximal possible E (d , v) if and only if
girth of the graph equals 2d + 1.

The above Theorem is analogue of bound (1.2) for balanced
directed graphs. The following analogue of (1.1) was introduced
also in lecture notes [34].

THEOREM 3

Ex2d+1(v) <=> (1/2)1/dv1+1/d (2.2)

Vasyl Ustimenko On graphs of large size without small cycles and commutative diagrams and their applications



On graphs of large size without small cycles and commutative diagrams and their applications

On directed balanced graphs without commutative diagrams

Remarks

(i) Let E 2d+1P (v) be the maximal size (number of arrows) for the
balanced graph on v vertices with the girth > 2d + 1
satisfying the graph theoretical property P. If P is the
property to be a graph of symmetric irreflexive relation, then
E 2d+1P (v) = 2ex(v ,C3, . . . ,C2d ,C2d+1) because undirected
edge of the simple graph corresponds to two arrows of
symmetric balanced directed graph. So, Theorem 2.1 implies
the inequality (1.1).

(ii) The sharpness of the bound (1.1) does not follow from the
above mentioned theorem. The function
ex(v ,C3, . . . ,C2d ,C2d+1) is computed up to the magnitude
for d = 2, 3, 5.

(iii) Balanced digraph Γ be extremal graph of order v with the
girth indicator gi with maximal possible Ex(2d + 1, v) if and
only if girth of the graph equals 2d + 2.
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On bivariate digraphs without small commutative diagrams and tree approximations

We consider a family Γ(K ) of simple bipartite graphs Γ(K ) of the
incidence structure with the point set

P = {(x1, x2, . . . , xn, . . . )|xi ∈ K , i = 1, 2, . . . } = K∞,

the line set

L = {[y1, y2, . . . , yn, . . . ]|yi ∈ K , i = 1, 2, . . . } = K∞

and incidence relation I such that (x) = (x1, . . . , xn, . . . ) and
[y] = [y1, . . . , yn, . . . ] are incident if and only if

x2 − y2 = x1y1,

xi − yi = x1ys(i)ei + y1xs(i)(1− ei ), i = 2, 3, . . . ,

where ei ∈ {0, 1}, integer function s(i) satisfies inequality s(i) < i .
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On bivariate digraphs without small commutative diagrams and tree approximations

Let ρ((x)) = x1 and ρ([y]) = y1 be the colour of the point and
colour of the line, respectively. As it follows from definition every
vertex has exactly one neighbour of given color (paralelotopic
property or rainbow like property). So, if K is a finite ring and
|K | = k then Γ(K ) is a k-regular simple bipartite graph.

We refer to defined above simple graph Γ(K ) as a bivariate
graph over commutative ring K .
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On bivariate digraphs without small commutative diagrams and tree approximations

Let F = {{p, l}|(p, l) ∈ P × L|p I l} a be the sets of flags of
incidence structure P, L, I .

We say that two flags are adjacent if their intersection has
cardinality one.

Let us assume that Γ(K ) be a family of bivariate graphs over a
general ring K (or incidence structure). Assume that F (K ) is the
corresponding set of flags. Notice, that F (K ) is a variety
isomorphic to K∞. For a flag {p, l} we consider adjacent flag
NPα({p, l}), α 6= 0 which consist on the line l and point p′ of
colour ρ(p) + α which is incident to l .

Similarly, we introduce the flag NLα({p, l}), which is adjacent to
{p, l} and contains the line l ′ of colour ρ(l) + α.
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On bivariate digraphs without small commutative diagrams and tree approximations

Let us consider two copies F1(K ) and F2(K ) of the flag set F (K )
We say that a subset S of commutative ring K is a multiplicative
one if zero does not belong to S and the subset is closed under
multiplication.

For every multiplicative subset S of K we introduce a digraph
DS(K ) with a vertex set F1(K ) ∪ F2(K ), such that a→ b means
a ∈ F1(K ) and b = NPα(a) for some α ∈ S or a ∈ F2(K ) and
b = NLα(a), α ∈ S .

We refer to Γ(K ) as bivariate free graph over K if for every
multiplicative subset S of K a digraph DS(Γ(K )) is a diagram free
one.
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On bivariate digraphs without small commutative diagrams and tree approximations

Notice, that if K is a field that bivariate free graph Γ(K ) is a
simple forest.

If graph Γ(K ) is a bivariate free graph for each commutative ring
K we say that family Γ(K ) is a tree approximation. Notice, that
tree approximation has been defined as functor from the category
of pairs K ,S to the category of directed graphs.

Vasyl Ustimenko On graphs of large size without small cycles and commutative diagrams and their applications



On graphs of large size without small cycles and commutative diagrams and their applications

On bivariate digraphs without small commutative diagrams and tree approximations

PROPOSITION 1.

Let Γ(K ) be bivariate graph. Then the transformations of kind
NPα1NLα2NPα3NLα4 . . .NPα2k−1NLα2k and
NLα1NPα2NLα3NPα4 . . .NLα2k−1NPα2k , where αi are elements of
some multiplicative subset of K , are bijective transformations of
K∞ of infinite order.

The existence of tree approximation has been proved (graphs
D(n,K )).
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On bivariate digraphs without small commutative diagrams and tree approximations

Let Γ(K ) be bivariate graph. Let us consider simple graph
Γn(K ) defined in the following way. It is bipartite graph of the
incidence structure Pn, Ln, In with the pointset
Pn = Kn = {x = (x1, x2, . . . , xn)|xi ∈ K} and line set
Ln = Kn = {y = [y1, y2, . . . , yn]|yi ∈ K} and Incidence relation In
such that (x1, x2, . . . , xn)In[y1, y2, . . . , yn] if and only if first n − 1
relation of ∗ hold.

We consider a graph homomorphism ψn of Γ(K ) onto Γn(K ) which
acts on vertices (x) and [y] by deleting of coordinates xi and yi
with i ≥ n + 1. We have also a well defined natural
homomorphism ψ(n, n − 1) : Γn(K )→ Γn−1(K ), n ≥ 3. which acts
by deleting of last coordinates of points and lines. So, the natural
projective limit of Γn(K ) is well defined. It is coincides with Γ(K ).
Notice, that the maps ψn and ψ(n, n − 1) are local isomorphisms,
they induce homomorphism from DS(Γ(K )) onto DS(Γn(K )) and
from DS(Γn(K )) onto DS(Γn−1(K )), respectively.
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On bivariate digraphs without small commutative diagrams and tree approximations

We assume, that ρ((x1, x2, . . . , xn)) = x1 and
ρ([y1, y2, . . . , yn] = y1
We say that a subset S of commutative ring K is a multiplicative
set of generators if its multiplicative closure is a multiplicative
subset of the ring K .

PROPOSITION

Let Γ(K ) be a free bivariate graph. For each multiplicative set of
generators S digraphs DS(Γn(K )) form a family of increasing girth.

COROLLARY

For each finite field F graphs Γn(F ) form a family of simple graphs
of increasing girth.
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On bivariate digraphs without small commutative diagrams and tree approximations

THEOREM 1

There is a tree approximation Γ(K ), such that

(i) for every finite commutative ring R and every multiplicative
subset S of cardinality ≥ 2 digraphs DS(Γn(K )) form a family
of digraphs of large girth

(ii) for each finite field Fq, q > 2 simple graphs Γn(Fq) form a
family of graphs of large girth.

The tree approximation of theorem 1 can be defined explicitly as
projective limit D(K ) of graphs D(n,K ), n→∞, where K is a
general commutative ring.
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On bivariate digraphs without small commutative diagrams and tree approximations

THEOREM 2

There is a tree approximation Γ(K ), such that

(i) for every finite commutative ring R and each subset S of
multiplicative generators of cardinality ≥ 2 digraphs
DS(Γn(K )) form a family of digraphs with large diagram
indicator

(ii) for every field Fq, q 6= 2 and graphs Γn(F )) form a family of
algebraic small world graphs which is also a family of graphs
with large cycle indicator

(iii) for each finite field Fq, q > 2 simple graphs Γn(Fq) form a
family of simple small world graphs.

The tree approximation of theorem 2 can be defined explicitly as
projective limit A(K ) of graphs A(n,K ), n→∞, where K is a
general commutative ring.
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Application of free bivariate graphs to cryptography

Let Γn(K ) be a family of graphs associated with bivariate free
graph Γ(K ). Then the transformations of kind
NPα1NLα2NPα3NLα4 . . .NPα2k−1NLα2k and
NLα1NPα2NLα3NPα4 . . .NLα2k−1NPα2k , where αi are elements of
some multiplicative subset of K , , where αi are elements of some
multiplicative subset of K , are bijective transformations of Kn+1 of
increasing order.

(A) We can identify Kn+1 with the plaintext and consider
E = NPα1NLα2NPα3NLα4 . . .NPα2k−1NLα2k as encryption map
corresponding to password (α1, α2, α3, α4, . . . , α2k−1, α2k).
So, we are getting private key symmetric algorithms. In case of
bivariate graphs of Theorem 1 and Theorem 2 we are getting
stream ciphers
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Application of free bivariate graphs to cryptography

(B) We proved that multivariate transformations
E : Kn+1 → Kn+1 independently on the choice of password are
stable cubical maps. So they can be used as bases of Diffie
Hellman algorithm in Cremona group. One can use a symbolic El
Gamal version described above to get a cryptosystem.

(C) Transformation E = NPα1NLα2NPα3NLα4 . . .NPα2k−1NLα2k
is an example of polynomial transformation with invertible
transposition. Really, NPα−1 = NP−α and NLα−1 = NL−α. The
problem of its usage for the public key is the following: the inverse
of E is also cubical. It means that the adversary can conduct
linearisation attacks to break the system.
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Application of free bivariate graphs to cryptography

To make a good candidate for the encryption map of multivariate
cryptosystem we can use the following deformation of E
Let a point (x) and line [y] of colours x1 and y1 form an initial flag
h. The computation of E can be computed recurrently
h→ h1 = NPα1(h), h2 = NLα2 , . . . h2k−1 = NPα2k−1(h2k−2), h2k =
NLα2k (n2k−1).
We can modify map E in the following way.
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Application of free bivariate graphs to cryptography

Instead of h1 = NPα1(h) we compute a flag
h′1 = NP(a1, α1, β2, γ1) adjacent to h such that colour of h′ is
a1x1β1y1γ1 + α1. Instead of h2 = NLα2(h1) we compute
h′2 = NL(a2, α2, β2, γ2)(h′1) which is adjacent to h′1 and its colour
of the line is a2x1β2y1γ2 + α2.
Continue this process we get deformed map Ẽ together with its
decomposition into factors of kind NP(a2i−1, α2i−1, β2i−1, γ2i−1)
(the operator of computing adjacent flag with the colour of the
point a2i−1x1

β
2i−1y1

γ2i−1 + α1 + α3 + · · ·+ α2i−1) and
NL(α2i , β2i , γ2i ) ( the operator of computing adjacent flag with
the colour of the point a2ix1β2i y1γ2i + α2 + α4 + · · ·+ α2i .
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Application of free bivariate graphs to cryptography

If the system of equations

a2i−1x1β2i−1y1γ2i−1 + α1 + α2 + · · ·+ α2i−1 = c1

a2ix1β2i y1γ2i + α2 + α4 + · · ·+ α2i = c2

with various c1 and c2 has at most one solution then Ẽ is invertible.
Our map has invertible decomposition.

THEOREM

Let us consider transformations Ẽn and En acting on the set Kn+1

of flags of Γn(K ). Then their order is going to infinity with the
growth of n.

Both transformations have the same density which is O(n4).

Vasyl Ustimenko On graphs of large size without small cycles and commutative diagrams and their applications



On graphs of large size without small cycles and commutative diagrams and their applications

Application of free bivariate graphs to cryptography

This way allows us to construct a symmetric and asymmetric maps
of polynomial degree O(nt). Notice that we can use integer
parameters β, γ and k which are functions from n.
Finally, for the construction of public maps one can use
compositions of kind τ1Ẽnτ2 where τ1 are monomial linear
transformation and τ2 is general affine transformation.
Polynomial density of τ1Ẽnτ2 is O(nt+1).
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