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@ Constructions of small regular (k, g)—graph.
@ C4—free graphs of large size (Polarity graphs)
@ Existence of symmetric configurations.
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The Cage Problem

@ The Cage Problem asks for the construction of regular
simple graphs with given degree and girth and minimum
order.

@ A (k,g)—graph is a k—regular graph of girth g.

@ Sachs (1963): Existence of (k, g)—graphs

foreachk >3andg>5

° is obtained when counting the minimum

number of vertices necessary to construct a (k, g)—graph.

@ A (k, g)—graph whose order attains Moore’s bound is, by
definition, also a Moore graph
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Moore Graphs and small (k, g)—graph

@ The Moore graphs:

e Girth 5 and k = 2,3,7 and maybe 57

e Girth 6,8 or 12 and they are incidence graphs of finite
projective planes, generalized quadrangles or generalized
hexagons, respectively

@ Hoffman, Singleton, Feit, Higman, Damerell, Bannai and
lto ('60-'70): there are no further Moore graphs

@ This means that in most cases the number of vertices in a
(k, g)—cage is strictly greater than Moore’s bound

@ We denote the minimum order of (k, g)—graphs by n(k, g).
A graph attaining this minimum value is said to be a
(k, g)—cage.

@ Many authors are trying to construct cages, or at least
smaller (k, g)—graphs than previously known ones.

@ We denote by rec(k, g) the order of smallest known
(k, 9)—graphs.
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Polarity graphs

Definition

The polarity graph G(IP, ) of a finite projective plane P and a
polarity 7 of P is a graph whose vertex set is the set of points of
P and whose edge setis (pp’ : p < nt(p’)}.

Properties of polarity graphs:

@ diameter 2;
@ no 4—circuits, (Cs—free);

@ a loop on each vertex corresponding to an absolute point
of 7t (i.e. points p such that p € nt(p)).

@ Baer proved that the number of absolute points of a
polarity is at least k + 1, where k is the order of IP.

@ The polarity is said to be orthogonal if this bound is sharp.
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C4—free graphs of large size

The maximum number of edges in simple C4—free graphs is
denoted by ex(n; C4), where n is the number of vertices of the
graph.

Question

What is the value of ex(n; C4) for a given n?
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Tactical and Symmetric configurations

Definition

A (tactical) configuration of type (v;, by ) is a finite incidence
structure consisting of a set of points and a set of lines such
that

@ there are v points and b lines,

@ each line is incident with exactly k points and each point is
incident with exactly r lines,

@ two distinct points are incident with at most one line. If
v = b (or equivalently r = k), the configuration is called
symmetric and its type is indicated by the symbol vj.

@ The deficiency of a symmetric configuration € is
d:=v—k?+ k —1. The deficiency is zero if and only if € is
a finite projective plane.
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Existence of Symmetric configurations

@ Symmetric configurations of a given type vx may or may
not exist.

Question

Which are the types vy for which a symmetric configuration
exists?
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General Results

@ Constructions of small (k, g)—graphs with girth 5,6,7 and 8.
@ Construction of biregular graphs with girth 5.
@ Lower bounds for ex(n; C4), for some n < q2 +qg+1.

@ Existence of new (construction of) symmetric
configurations.
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Techniques

@ Representations
@ Cuts

@ Stitches

@ Applied over:

e (g+ 1,6)—cages = incidence graphs of Finite Projective Planes,
e (g+ 1,8)—cages = incidence graphs of Generalized Quadrangles,
o Elliptic Semiplanes.
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Definition
An Elliptic Semiplane is an ny configuration satisfying the
axiom of parallels: given a non—incident point-line pair (p, I),
@ there exists at most one line I’ through p parallel to |
@ and at most one point p’ on | parallel to p.

@ Through this axiom, the Elliptic Semiplane is partitioned
into parallel classes, all of the same size, say m, and it has
n(n+ 1) + m points and lines.

@ Dembowski provided a classification of elliptic semiplanes
in types called O, ¢, £, D and B.



Classification of Elliptic Semiplanes: Demboski (1968)

Let 8(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:



Classification of Elliptic Semiplanes: Demboski (1968)

Let 8(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:

@ (0) 8 =P is a projective plane of order nand m =1.



Classification of Elliptic Semiplanes: Demboski (1968)

Let 8(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:

@ (0) 8 =P is a projective plane of order nand m =1.

@ (C)8 =P —B(p,I) with p|l and m = n [Cronheim 1965]
This subset B(p, /) is called a flag.
The resulting structure is also called a semiaffine plane,
i.e. an affine plane without the vertical lines.



Classification of Elliptic Semiplanes: Demboski (1968)

Let 8(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:

@ (0) 8 =P is a projective plane of order nand m =1.

@ (C)8 =P —B(p,I) with p|l and m = n [Cronheim 1965]
This subset B(p, /) is called a flag.
The resulting structure is also called a semiaffine plane,
i.e. an affine plane without the vertical lines.

@ (L)S=P—B(p,l) with p {1/ (an antiflag) and m =n + 1
[LOneburg 1964]
This subset B(p, /) is called an antiflag.



Classification of Elliptic Semiplanes: Demboski (1968)

Let 8(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:

@ (0) 8 =P is a projective plane of order nand m =1.

@ (C)8 =P —B(p,I) with p|l and m = n [Cronheim 1965]
This subset B(p, /) is called a flag.
The resulting structure is also called a semiaffine plane,
i.e. an affine plane without the vertical lines.

@ (L)S=P—B(p,l) with p {1/ (an antiflag) and m =n + 1
[LOneburg 1964]
This subset B(p, /) is called an antiflag.

@ (D)§=P—Bandm=n+1— vn+1
Projective plane of square order minus a Baer subplane.
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Let S(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:

@ (0) 8 =P is aprojective plane of order nand m = 1.

@ ()8 =P —B(p,!) with p|l and m = n [Cronheim 1965]
This subset B(p, /) is called a flag.
The resulting structure is also called a semiaffine plane,
i.e. an affine plane without the vertical lines.

@ (L)8 =P —B(p,l) with p t [ (an antiflag) and m =n + 1
[Lineburg 1964]
This subset B(p, /) is called an antiflag.

@ (D)§=P—Bandm=n+1— vn+1
Projective plane of square order minus a Baer subplane.

A Baer subplane B is a proper subplane of a projective
plane such that:

@ For every point not in B there exists a unique line in B containing it
@ For every line not in B there exists a unique point of B in it



Classification of Elliptic Semiplanes: Demboski (1968)

Let 8(X, L,|) be an elliptic semiplane of order n, and parallel
classes of size m. Then one of the following statements holds:

@ (0) 8 =P is a projective plane of order nand m =1.

@ (C)8 =P —B(p,I) with p|l and m = n [Cronheim 1965]
This subset B(p, /) is called a flag.
The resulting structure is also called a semiaffine plane,
i.e. an affine plane without the vertical lines.

@ (L)S=P—B(p,l) with p {1/ (an antiflag) and m =n + 1
[LOneburg 1964]
This subset B(p, /) is called an antiflag.

@ (D)§=P—Bandm=n+1— vn+1
Projective plane of square order minus a Baer subplane.

@ (B)m<n+1—+/n+1[Baker 1977]: 45 points, order 6, m = 3

We will mainly use elliptic semiplanes of types €, £ and D
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Elliptic Semiplanes provide many symmetric configurations

I\d 0 1 2 3 4 5 6 7 8 9
3 7 8 9 10 11 12 13 14 15 16
4| 13 14 15 16 17 18 19 20 21 22
5| 21 22 23 24 25 26 27 28 29 30
6| 31 32 33 35 36 37 38 39 40
7| 43 44 48 49 51 52
8| 57 58 63 64
9| 73 T4 78 80 81
10| 91 92
11 111
12133 134

Projective planes Non existence

Flag Diagonal: Elliptic Semiplanes of type €
Antiflag Diagonal: Elliptic Semiplanes of type £
Baer complements: Elliptic Semiplanes of type D
Golomb configurations@® Gropp’s Theorem 1990
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Configuration Existence Spectrum: in other scale

50 100 150 200 250 300 350

k

Easier to see that there is a huge area between the antiflag diagonal
and the Golomb configurations,
where the existence of configurations is undecided.
Below the antiflag diagonal, apparently non-existence prevails.
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@ Matrices: concise schemes with algebraic properties that
guarantee Cs—free graphs.
o Results:
o Tactical (De-)compositions of Symmetric Configurations
[Funk, DL, Napolitano - Discrete Math. - 2009]
o A (0, 1)-Matrix Framework for Elliptic Semiplanes
[Abreu, Funk, DL, Napolitano - Ars Combin. - 2008]
o On (minimal) regular graphs of girth 6
[Abreu, Funk, DL, Napolitano - Australas. J. Combin. - 2006]
o Adjacency matrices of polarity graphs and of other
C4-free graphs of Iarge size [Abreu, Balbuena, DL - Des.Cod.Cryptogr. - 2010]

@ Formulas: useful to locate subgraphs with certain
properties

o To delete subgraphs and keep regularity.
e To add edges and avoid smaller cycles.

e Result: ¢ An explicit formula for obtaining (g + 1, 8)—cages
and others small regular graphs of girth 8
[Abreu, Araujo, Balbuena, DL - ArXiv 2011; 2014]
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Cyclic Schemes and Blow Up
@ A cyclic scheme is a (multi-)matrix M with entries in a
cyclic group
@ The blow up of M is a (0, 1)—matrix M obtained by
substituting each element of M by a square (0, 1)—matrix
(usually a permutation matrix and often circulant).

01001 10000

10100 01000

01010 00100

1.4 0 00101 00010
) 100101 00001
0 2,3 ? | 100007 00TTO
01000| 00011

00100 10001

00010 11000

00001 01100
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Cyclic Schemes and Blow Up

@ A cyclic scheme is a (multi-)matrix M with entries in a
cyclic group

@ The blow up of M is a (0, 1)—matrix M obtained by
substituting each element of M by a square (0, 1)—matrix
(usually a permutation matrix and often circulant).

@ Algebraic conditions on the scheme guarantee that the
blow up matrix is the adjacency matrix of a C4—free graph.

@ Cyclic Schemes < Voltage Graphs (topological graph
theory 1968 — Gross 1978).

@ Blow up of cyclic schemes < Lift of Voltage Graphs
(cf. [Exoo, Jajcay. Dynamic Cage Survey, (2013)]).



Representations: Matrices.

Position Matrices.

The (0, 1)—matrices used in the blow up of a cyclic scheme,
usually arise as position matrices of a symbol in a scheme.
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Position Matrices.

The (0, 1)—matrices used in the blow up of a cyclic scheme,
usually arise as position matrices of a symbol in a scheme.

Let A be a scheme whose entries are symbols.

The position matrix Py (A) of the symbol x
A Py (A) in A is a (0, 1)—matrix with the same
dimension as A which satisfies:

(Px(A))jj=1ifandonlyifx € A;;

X< 0O T
T o< %<
VT XK
o =00
[N e N
[eNeE N e

< X T Q

(cf. [C.Balbuena. Incidence matrices of projective planes and of some regular bipartite graphs of girth 6 with few
vertices, Siam Journal of Discrete Maths. 22(4) (2008), 1351-1363.])



Results: Tactical (De-)compositions of Symmetric
Configurations [Funk, DL, Napolitano - Discrete Math. - 2009]

@ Cyclic schemes — matrix representation for symmetric
configurations



Results: Tactical (De-)compositions of Symmetric
Configurations [Funk, DL, Napolitano - Discrete Math. - 2009]

@ Cyclic schemes — matrix representation for symmetric
configurations

Theorem (Funk, DL, Napolitano - Discrete Math. - 2009)

There exists an infinite class of symmetric configurations of type
(2p?) p+s Where p is any prime and s < t is a positive integer
such that t — 1 is the greatest prime power with t> —t + 1 < p.




Results: Tactical (De-)compositions of Symmetric
Configurations [Funk, DL, Napolitano - Discrete Math. - 2009]

@ Cyclic schemes — matrix representation for symmetric
configurations

Theorem (Funk, DL, Napolitano - Discrete Math. - 2009)
There exists an infinite class of symmetric configurations of type
(2p?) p+s Where p is any prime and s < t is a positive integer
such that t — 1 is the greatest prime power with t> —t +1 < p.

@ Representation — partitions of symmetric configurations
into smaller symmetric configurations



Results: Tactical (De-)compositions of Symmetric
Configurations [Funk, DL, Napolitano - Discrete Math. - 2009]

@ Cyclic schemes — matrix representation for symmetric
configurations

Theorem (Funk, DL, Napolitano - Discrete Math. - 2009)
There exists an infinite class of symmetric configurations of type
(2p?) p+s Where p is any prime and s < t is a positive integer
such that t — 1 is the greatest prime power with t> —t +1 < p.

@ Representation — partitions of symmetric configurations
into smaller symmetric configurations

@ New configuration: 981y — lies below the antiflag diagonal.
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Results: A (0, 1)—Matrix Framework for Elliptic
Semiplanes
[Abreu, Funk, DL, Napolitano - Ars Combin. - 2008]

@ Cyclic schemes — matrix representation for all types of
Elliptic Semiplanes

@ Representation = tactical decomposition of the elliptic
semiplanes

A tactical decomposition of an elliptic semiplane is a partition of
the semiplane into elliptic semiplanes of smaller order
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Results: On (minimal) regular graphs of girth 6
[Abreu, Funk, DL, Napolitano - Australas. J. Combin. - 2006]

@ Blow ups of cyclic schemes = construction of three
families of small (g — A, 6)—graphs:

G+(q))\)= G*(Q»M and G/(CI»)\)

@ For A = 0 the cyclic schemes arise from extended additive
and multiplication tables of finite fields.

@ For A > 1 reductions of such schemes are performed, and
will be presented later.
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Results: Adjacency matrices of polarity graphs and of
other C4'free graphS of |arge size [Abreu, Balbuena, DL - Des.Cod.Cryptogr. - 2010]

Let g = p" be a prime power, denote by é\q the polarity graph of
a certain orthogonal polarity in PG(2, q) and by G its
associated simple graph.

@ Schemes arising from latin squares = representation for
polarity graphs Gg

@ Blow up + position matrices of symbols in the latin squares
— adjacency matrix for Gq

@ Lower bounds on ex(n; C4) require reductions of such
schemes and will be presented later.
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Representations: Formulas

The stitching technique will sometimes require labellings of the
basic structures

@ (g+1,6)—cages
@ Elliptic Semiplanes
@ (g+ 1,8)—cages
In particular we use:
@ y = mx+ b for incidences in the elliptic semiplanes of type €
@ The coordinatization of a Moore (q + 1, 8)—cage.

[Abreu, Araujo, Balbuena, DL; ArXiv 2011; 2014]



Results: An explicit formula for obtaining (g + 1, 8)—cages and others
small regular graphs of girth 8 (asreu, Arauio, Balbuena, bL; Arxiv 2011; 2014)

Theorem (Abreu, Araujo, Balbuena, DL; ArXiv 2011; 2014)

Let Fq be a finite field with q > 2 a prime power and p a symbol not belonging to IFq. Let Tq = T'4[Vo, V4] be a bipartite
graph with vertex sets V; = ]Fg U{(p, b, ¢, (pyp,€)i: b,c € FgtU{(p,p,p)i}, i = 0,1, and edge set defined as follows:

Forall a € FqU{p} and for all b,c € Fq:

{(w, aw + b, a®w +2ab +c)o: w € Fq} U{(p,a,clo} ifa € Fg;
Nr,((a,b,c)1) = )
{(c,b,w)o : w € Fq} U{(p, p, C)o} ifa=op.
Nr,((p,p,¢)1) ={(p, ¢, W)o : W € Fg} U{(p, p, p)o}

Nry((pyp,0)1) ={(p, p, W)o : W € Fg} U{(p, p, P)o}-
ThenTyis a(q+1,8)—cage.
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@ Perfect Dominating Sets

e Their removal leaves a regular graph of smaller regularity
o Results:
o A construction of small (g — 1)-regular graphs of girth 8
[Abreu, Araujo, Balbuena, DL - 2014]
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Techniques: Cuts

@ Perfect Dominating Sets
@ 1-—factor Deletions

e 1-factor deletions of incidence graphs of elliptic semiplanes
of type €, £ and D = new symmetric configurations

e Results:
< Deletions, extensions, and reductions of elliptic
semiplanes

[Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010]
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Techniques: Cuts

@ Perfect Dominating Sets
@ 1—factor Deletions
@ Reductions
o Type 1: Removal of vertices or subgraphs

@ Results:
o lower bounds on ex(n; Cy).
[Abreu,Balbuena,DL - Des.Cod.Cryptogr.2010]

@ Used together with the amalgam technique to obtain:
o Families of small regular graphs of girth 5
[Abreu, Araujo, Balbuena, DL - Discrete Math. - 2012]
o Biregular cages of girth five
[Abreu, Araujo, Balbuena, DL, Lépez - Electron. J. Combin. - 2013]
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@ Perfect Dominating Sets
@ 1—factor Deletions
@ Reductions
e Type 1: Removal of vertices or subgraphs

@ Results:
o lower bounds on ex(n; C,).
[Abreu,Balbuena,DL - Des.Cod.Cryptogr.2010]

@ Used together with the matchings technique to obtain:
<~ Small regular graphs of girth 7
[Abreu, Araujo, Balbuena, DL, Salas- 2014]
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Techniques: Cuts

@ Perfect Dominating Sets
@ 1—factor Deletions
@ Reductions

e Type 1: Removal of vertices or subgraphs
e Type 2: Removal of blocks of vertices or parallel classes in
elliptic semiplanes.
@ Frequently used by other authors as well [Brown;
Gacs,Héger; Araujo,Balbuena et. al.]
@ Results:
<~ Small regular graphs of girth 5 and 6 for regularities that
are not prime powers plus one.
o New symmetric configurations from elliptic semiplanes of
type €, £ and D.
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Cuts: Perfect Dominating Sets

@ A perfect dominating set of a graph G is a subset U of its
vertices such that each vertex not in U, has exactly one
neighbour in U.

e If Gis a (k,g)—graph and U is a perfect dominating set of
G,then G—Uis clearly a (k — 1, g)—graph.

@ Perfect Dominating Sets in (g + 1,8)-cages and (g, 8)—graphs
= known (g, 8)-graphs and new (q — 1, 8)—graphs.
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Theorem (Abreu, Araujo—Pardo, Balbuena, DL - 2014)

Let q > 2 be a prime power and let Ty be a (q + 1,8)-cage with
the previous coordinatization. Then D

(0,0,0) (0.0.3)

is a perfect dominating set of size 2(q? + 3q + 1) and gives rise
to a (q,8)—graph G¥ := Ty — D of order 2q(q? — 2).
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[Abreu, Araujo, Balbuena, DL - 2014]

Theorem (Abreu, Araujo—Pardo, Balbuena, DL - 2014)

Let g > 2 be a prime power and let Ty be a (q + 1, 8)-cage with
the previous coordinatization. Then D

(0,0,0) (0.0.3)

is a perfect dominating set of size 2(q? + 3q + 1) and gives rise
to a (q,8)—graph G¥ := Ty — D of order 2q(q? — 2).

In 2008, Gacs and Héger, found this same values using t—good structures
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Results: A construction of small (q — 1)—regular graphs of girth 8

[Abreu, Araujo, Balbuena, DL - 2014]

Theorem (Abreu, Araujo—Pardo, Balbuena, DL; ArXiv 2011)

Let g > 2 be a prime power and let G be the previous
(q,8)-graph. Then S

...........................

{' (g.l,k'mg
: e By ;
/ (.1, k0 %

* N, ((e.1,0)0)
N2, ((e:1,0)0) Neg (@100, 0 ..t
N, ((e,1,0)0)

o | (w, w + b, w + 2b),

is a perfect dominating set of size 4g° — 6q and gives rise to a
(g—1,8)—graph G} — S of order 2q(q — 1).
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Results: Improvements on the order of
(g—1,8)—graphs

@ Previously, the smallest known (g — 1, 8)-graphs, for g a prime power,
were those of order 2q(g> — g — 1)

[C. Balbuena - A construction of small regular bipartite graphs of girth 8 - DIMACS - 2009]

@ The (g —1,8)—graphs Gy — S are the smallest known so far,

for g > 16 whenever g — 1 is not a prime power or a prime power plus

one itself.

@ Table of improvements:

k | Bound in [B09] | New bound k | Bound in [B09] | New bound
15 7648 7200 52 292030 286624
22 23230 22264 58 403678 396952
36 98494 95904 63 515968 508032
40 134398 131200 66 592414 583704
46 203134 198904 70 705598 695800
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Cuts: 1-factor Deletions.

Let X be a configuration of type nk, G(X) its incidence graph.

Corollary to Hall's Marriage Theorem:
every k—regular bipartite graph G is 1-factorable.

G(X) into k pairwise disjoint 1—factors.
For a 1—factor - of G

G''"F) — G- Fisa(k—1,6)—graph on 2n vertices and bipartite.
— incidence graph of an nx_4 configuration.

Reiterate deletions v times, to obtain new configurations %(F.
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Results: Deletions, extensions, and reductions of
elliptic semiplanes

[Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010]

1—factor deletions on ny configuration X —
nk_- configurations K (vF)

Starting from elliptic semiplanes of type € these new configurations are obtained

50 100 150 200 230 300 330
= + —t=——F

d
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Cuts: Reductions.

@ Type 1: Removal of vertices or subgraphs
e Sometimes Regularity is lost
e Careful stitching to complete degrees for regularity or
biregularity, without decreasing the girth.

@ Type 2: Removal of parallel classes (remove rows and
columns of blocks if performed over matrix representation)
e Preserves regularity
e Equivalent to removal of pencils of parallel classes in elliptic
semiplanes
e Usually performed after all other operations
e Many authors mention this kind of reduction
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o Lower bounds on ex(n; C4)
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e Small regular graphs of girth 5
e Biregular cages of girth 5
e Small regular graphs of girth 7

@ Type 2: remove parallel classes

e Reductions of elliptic semiplanes
e Small regular graphs of girth 6
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Results: C4—free graphs of Large Size

@ Brown, and independently, Erdés, Rényi and Sés (1966):
first to construct C,—free graphs of large size from polarity
graphs of orthogonal polarites.

@ As a general result they proved

3/2

ex(n; Cyq) ~ %n

@ Clapham, Flockhart and Sheehan (1989): exact values for
ex(n; C4) for n < 21.

@ Yuansheng and Rowlinson (1992): exact values for n < 31
through an extensive computer search.

@ Flredi (1983;1996): proved that (most important)

’
ex(?+q+1;C4) = éq(q+1)2

where q is either a power of 2 or a prime power exceeding 13.
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Adjacency matrices of polarity graphs and of other Cy4-free graphs of

Iarge size. [Abreu, Balbuena, DL - Des.Cod.Cryptogr. - 2010]

@ Let g = p" be a prime power, denote by é\q the polarity
graph of a certain orthogonal polarity in PG(2, q) and by
G, its associated simple graph.

Theorem (Abreu,Balbuena,DL - Des.Cod.Cryptogr.2010)

Gq contains (as subgraphs) the simple polarity graphs Gz, Gp
and Gy , ift divides h.

@ If h = 2t, the last subgraph corresponds to a Baer
subplane PG(2, \/q) of PG(2,q).
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Results: C4—free graphs of large size:
Adjacency matrices of polarity graphs and of other Cy4-free graphs of

Iarge size. [Abreu, Balbuena, DL - Des.Cod.Cryptogr. - 2010]

@ Reduction of type 1 using the above subgraphs of Gg —
lower bounds for ex(n; C4) and some n < g°> + g + 1.
In particular:

Theorem (Abreu,Balbuena,DL - Des.Cod.Cryptogr.2010)
(i) prime powerq, me{1,...,7Vandn=q¢* +q+1—m;
(i) prime p, q=p" withq > 4, tthandn=q* + q— p? — p';

(iii) prime p, q = p? withq > 4 and n = ¢*> — \/q;

(iv) prime power q andn=g*> —q — 2.
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Results: Existence of configurations:
Deletions, extensions, and reductions of elliptic semiplanes

[Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010]
Reduction of type 2 on (Au), configuration X —

configurations (A — vk~ .
by removal of last v blocks of the matrix representation of X

Starting from elliptic semiplanes of type € these new configurations are obtained

50 100 150 200 250 300
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Results: Construction of small (k, g)—graphs:
On (minimal) regular graphs of girth 6

[Abreu, Funk, DL, Napolitano - Australas. J. Combin. - 2006]

@ Blow ups of cyclic schemes + Reductions = construction
of small (q — A, 6)—graphs:

G-O—(q))\): G*(Q»M and G/(CI>7\)

@ Where the reduction is performed by deleting the last A
rows and columns of the cyclic scheme
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@ A pencil of parallel lines is a maximal set of mutually
parallel lines, or equivalently, a set consisting of a line
together with all the lines parallel to it.

@ G, (g,A) is obtained deleting pencils of parallel lines in
elliptic semiplanes of types C.

@ G.(q,A) is obtained deleting pencils of parallel lines in
elliptic semiplanes of types L.

@ G’(q,A) is obtained deleting Baer subplanes in elliptic
semiplanes of type D.
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Constructions
@ Let g° be a square prime power.

Theorem (Abreu,Funk,DL,Napolitano; AJC - 2006)
The graphs of the class G’ (g, A) are (g° + 1 — A)—regular
bipartite of girth 6, for q = 2, 3, 4, of order

2(q* + P+ 1—AG +q+1)).

@ Theorem = the following upper bound for k = g + 1 — A:

n(k,6) <2(q*+q® +1 A +q+1)).
@ We conjectured that G’(g?,A) can be extended to any
square prime power g2 using cyclic schemes.

@ Geometrically proved by Gacs and Héger (2008) using

t—good structures.
[Gacs and Héger. On geometric constructions of (k, g)—graphs. Contr.Discrete Math., 3 (2008), 63-80.]
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The table of rec(k, 6), k < 20 (Dynamic Cage Survey [G.Exoo, R.Jajcay, E-JC 2013]):

Degree | Lower | Upper | Due to
k Bound | Bound
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4 26 26 Projective Plane
5 42 42 Projective Plane
6 62 62 Projective Plane
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12 266 266 Projective Plane
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Results: Upper bounds for n(k, 6)

The table of rec(k, 6), k < 20 (Dynamic Cage Survey [G.Exoo, R.Jajcay, E-JC 2013]):

Degree | Lower | Upper | Due to
k Bound | Bound
3 14 14 Projective Plane
4 26 26 Projective Plane
5 42 42 Projective Plane
6 62 62 Projective Plane
7 90 90 O’Keefe-Wong
8 114 114 Projective Plane
9 146 146 Projective Plane
10 182 182 Projective Plane
11 224 240 Wong
12 266 266 Projective Plane
13 314 336 Abreu-Funk-DL-Napolitano G. (13,0)
14 366 366 Projective Plane
15 422 462 Abreu-Funk-DL-Napolitano G'(16,2)
16 482 504 Abreu-Funk-DL-Napolitano G'(16, 1)
17 546 546 Projective Plane
18 614 614 Projective Plane
19 686 720 Abreu-Funk-DL-Napolitano G, (19,0)
20 762 762 Projective Plane

@ G.(g,\) «< Brown (1967)

@ Gacs and Héger’s (2008),
using t—good structures <
G.(q,M), G.(q,7) and
G'(g%A), forA > 1.

@ G, (q,0)is rec(k,6)—graphs when k is a prime power, which is not
simultaneously a prime power plus one.

@ For some values of the regularity k > 20, there are better bounds by
Araujo—Pardo, Balbuena et. al.
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Techniques: Stitches

@ Extensions: performed on symmetric configurations
Results:
o Deletions, extensions, and reductions of elliptic semiplanes
[Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010]
@ Amalgams: add edges to a graph
Results:

o Families of small regular graphs of girth 5
[Abreu, Araujo, Balbuena, DL - Discrete Math. - 2012]

o Biregular cages of girth five
[Abreu, Araujo, Balbuena, DL, Lépez - Electron. J. Combin. - 2013]
@ Matchings: add matchings to even subsets of vertices in a graph
Results:
< Families of regular graphs of Girth 7 [aoreu, Araujo, Balbuena, DL, Salas - 2014]
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@ There is a way to extend an ng configurations X by v Martinetti
extensions will to an (n + v)x configuration %YM,

@ Deletions + Extensions + Reductions on elliptic semiplanes of
types € and £ give:

TheO rem (Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010)

Let Cq be a Desarguesian elliptic semiplane of type C. Then, for each
xe{0,...,q—3},L,pe{0,...,g—«},andy €{0,...,q— o« — 3}, there
exists a configuration ¢y P ) of type (g2 — g+ B)g_av-

Theo I’em (Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010)

Let L4 be a Desarguesian elliptic semiplane of type £. Then, for each
xe{0,...,—3}, B 6{0 ., q— oc} andvy €{0,...,q— «— 3}, there
exists a configuration L JBMEF) of type

(@+1—a)(g—1) + B)q—cx —y-
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Stitches: Extensions. Deletions, extensions, and reductions of

elllptIC Semiplanes. [Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010]

@ Deletions + Reductions on some elliptic semiplanes of types D
give:

Theo rem (Abreu, Funk, DL, Napolitano - Innov. Incidence Geom. - 2010)

LetPgp := PG(2, G%), let D, be a perfect difference set modulo

g° + q+ 1 and suppose that B is a circulant quasi simple

Zg q1—SCheme of order g — q + 1, rank g? + 1 and excess q + 1
which represents an incidence matrix for P,. Then for each

xe{0,...,q°—q}andy €{0,...,9° — o — 2}, there exists a
configuration Dé"‘m(yﬂ of type (q* — «(@® +q+1))ge1-av-

@ The 1—factor deletion can always be performed on an elliptic
semiplanes of types D.

@ The reduction can only be performed when we have a cyclic
scheme representing its adjacency matrix.



New Elliptic Semiplane Spectrum
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The region between the antiflag diagonal and the Golomb
configurations is now mostly filled with configurations arising
from our deletions, extensions and reductions. The red gaps
are due to the absence of certain finite projective planes.



Stitches: Amalgams.

Let I'1 and > be two graphs of the same order and
with the same label on their vertices

An amalgam of Ty into I is a graph obtained
by adding all the edges of 'y to I
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Results on Girth 5

Small regular graphs of odd girth g can be built from small
regular graphs of even girth g + 1.

First to obtain small regular graphs of girth 5 in this way:
e Brown (1967) from his girth 6 construction.

Often, the results are obtained by excision (removal of a tree and
merge of the edges)

e First to do so is Balaban (1973): 11-cage from 12—cage
Other results on small regular graphs of girth 5 were obtained by:

o Wegner; Parsons; O’Keefe, Wong; Wang; Araujo—Pardo,
Montellano-Ballesteros; Abreu, Funk, DL, Napolitano;
Jorgensen; etc.

If instead of merging edges, one amalgams graphs after the
removal, better results for increased regularity are sometimes
obtained.
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Results on Girth 5: Construction

@ Take a graph of girth 6.

@ Perform a Reduction of type 1 on a graph of girth 6
(removal of vertices or subgraphs)

@ Perform Reduction of type 2
(removal of blocks of parallel classes)

@ Complete degrees with an amalgam
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Construction: Properties of B,

@ g-regular, vertex transitive, order 2g2, girth 6, for g > 3.
@ Bipartite V(Bg) = Vo U V4.
@ Admits a partition of

q q
Vo=JPiand vi = JL
i=1 j=1
into blocks of size g.

@ Each block Py is connected to each block L, by a
perfect matching.

@ These matchings can be expressed by an algebraic rule.
(X,¥)o € Vyis adjacentto (m,b)1 € Vyifandonlyify =mx + b
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Construction: Reduction of type 1 on By = The graph
Bq(S, T)

Remove some vertices from Py and Ly
CTDCD D
CameD Copred o gD

Lemma (Abreu,Araujo,Balbuena,DL; Discrete Math. - 2012)
Bq(S, T) is (g—1,q)-regular of order 2q2 — S| —|TI. J
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Construction: Reduction of type 2 on By(S, T) = The
graph B4(S, T, u)

Remove the last u pairs of blocks (P, L;) from By

Lemma (Abreu, Araujo, Balbuena, DL - Discrete Math. - 2012)
Bqy(u) is (q — u)-regular of order 2(g% — qu) J




Construction: Combining both reductions on B,

The resulting graph is denoted by

Bq(S, T, u).

This graphis (g — u— 1,9 — u)-regular.
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Construction: Amalgam on By(S, T, u) = The graph
B, (S, T, u)

Amalgam graphs H, Ha, G1 and G into blocks of By(S, T, u)
to obtain desired degrees.

T e e
G G - G

@ Hj is k—regular.
@ H,, Gy, Gy are (k,k + 1)—regular.

Construction: The resulting graph B (S, T, u) is
(g — u+ k)-regular
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Construction: Cayley Colors = To obtain B;(S, T, u)
of girth 5

@ Choose Hi, Ho, Gy and Go suitably to keep girth 5.

@ Labelling on the vertices of By(S, T) using GF(q) =
Let «3 be an edge of H; or G; and define
weight or Cayley Color as +(3 — «) modulo q.

@ Let P, ={weights in H; and G1}.

@ Let L, ={weights in Ho and G»}.

Theorem (Abreu,Araujo,Balbuena,DL; Discrete Math. - 2012)
Let T C S C GF(q). Let Hy, H>, Gi and G be defined as above
and suppose that the weights P, N L., = (). Then the amalgam
B;(S, T) is a (q + k)—regular graph of girth at least 5 and order
2(g%) — S| —|T|, foru = 0.

Similarly for B3 (S, T, u), for u > 1
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Example: (13,5)—graph of order 236
Remove S ={0,1,2,4,6,8} and T = () to obtain By1(S, T)
Po P P1o

Lo Ly Lio

Figure illustrates B11(S, T) — E(B41)



Example: (13,5)—graph of order 236

Amalgam Hy, Hz, Gy and Go to obtain B}, (S, T)

Po P Pig

Lo Ly Lio

Figure illustrates B, (S, T) — E(Bi1)
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Example: (13,5)—graph of order 236

Where H;, H>, Gy and G» used for
the amalgam are:

P, = +{2,3,5} and L., = +{1,4}

= B}{(S, T) has girth 5
and is 13-regular

B} (S, T,u),foru=1,...,10,is
(13 — u)-regular of girth 5 and
order 236 — 22u
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Families of small regular graphs of girth 5
[Abreu,Araujo,Balbuena,DL; Discrete Math. - 2012]

@ Applying to a graph of girth 6:

Reduction 1 + Reduction 2 + Amalgam

@ We construct (p + 3)—regular graphs from a p—regular
graph B, for the amalgam which give:

Theorem (Abreu,Araujo,Balbuena,DL; Discrete Math. - 2012)

For every prime p, B;(S, T, u) is a (p + 3, 5)—graph of order
2(p? —pu—1),foreach0 <u<p—1.

@ Hence, n(p +3,5) <2(p? —pu—1).
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Biregular cages of girth five

@ Let n(D, g) denote the minimum order of a graph having
degree set D and girth g.

@ A graph with degree set D, girth g and order n(D, g) is
called a (D, g)—cage.

@ Chartrand, Gould and Kapoor (1981): existence of
(D, g)—cages.

@ If D ={r,m}then (D, g)—cages are called biregular.

@ Few values of n(D, g) are known.

@ For ({r,m},5)—cage: Downs, Gould, et al. (1981); Hanson, et
al. (1992); Araujo-Pardo, Balbuena, Marcote, Serra et al.
(2006—2009); Exoo—Jajcay (2014); etc.
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Biregular cages of girth five
[Abreu,Araujo,Balbuena,DL,Lépez; El.J.Combin. - 2013]

@ To obtain biregular cages of girth 5 we proceed much in
the same manner as for the small regular graphs of girth 5

Reduction 1 + Reduction 2 + Amalgam

@ The difference is that now the resulting graph is biregular
and it attains the lower bound, giving rise to a cage.

Theorem (Abreu,Araujo,Balbuena,DL,Lépez; El.J.Combin. - 2013)
@ For each prime powerr =q+ 1 > 3, there is an
(r,2r — 3;5)—cage
@ Forevery prime p =r—1, thereis a (r,2r — 5;5)cage.
@ There exists a semiregular (5, 6; 5)—cage
@ There exists a semiregular (6,7;5)—cage
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Example: New semiregular ({5, 6}; 5)—cage
Differences with respect to the regular case:

@ Reduction of type 2: different number of blocks are
removed from V; and V4

@ Amalgam: some weights can coincide, as long as the
edges with the same weight have different endvertices.

Now we display only the graphs used in the amalgam for constructing

B; (S, T,0,0) — E(Bs) with S = {0} and T =

(0.1  (1,0) (L1)o  (x0)g (x1)0  (a2.0) (o2 1)g
--e
(0.3 Oodo  (Lod)y  (Ledo (wadly  (wad (oad)y  (afa)g 77 W =1
— W =«
(0,0)1 (0.1) (1,0)1 (1,1)1 (. 0)1 (1)1 (a?.0); (o2.1)4
e ---9 o --9 o--9 e---9 w = o2

(0. a?)1 (0,a)1  (1.a?)y 1oy (. a?)y (oo (a2, a?)q (a?, a)q
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@ Performing appropriate reductions, one might get a graph
with even sets of vertices at large distance.

@ This allows to complete degrees using matchings.
@ Factorizations of the complete graph are particularly useful
to performx several of this stitches simultaneously.
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Small regular graphs of girth 7: Even prime power

Theorem (Abreu, Araujo—Pardo, Balbuena, DL, Salas - 2014)

Let q > 4 be an even prime power. Then, there is a
(q + 1)—regular graph of girth 7 and order 2q° + ¢° + 2q.

Proof. (ldea)

@ Consider a (g + 1,8)—cage G
@ Reduction 1: remove a subset H

@ The neighbourhood of H in G is partitioned into even
subsets

@ Add matchings to those subsets
@ Girth will be 7 if certain matchings are disjoint

@ Use a 1-factorization of the complete graph to choose the
matchings

@ This proof is purely combinatorial (no coordinates are
needed)
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Small regular graphs of girth 7: Odd prime power

Theorem (Abreu, Araujo—Pardo, Balbuena, DL, Salas - 2014)

Let g > 5 be an odd prime power. Then, there is a
(q + 1)—-regular graph of girth 7 and order 2q° + 2¢°> — g + 1.

Proof. (ldea)

@ Consider a (g + 1,8)—cage G

@ Reduction 1: remove a subset H

@ The neighbourhood of H in G is partitioned into even
subsets

@ Add matchings to those subsets

@ Girth will be 7 if certain matchings are disjoint

@ Some can be chosen with a 1—factorization of the complete
graph as before

@ Others need to be chosen using a coordinatization of G
we used the one obtained in

[A construction of small (g — 1)-regular graphs of girth 8 - Abreu, Araujo, Balbuena, DL - 2014]



Small regular graphs of girth 7: Odd prime power

Theorem (Abreu, Araujo—Pardo, Balbuena, DL, Salas - 2014)

Let q > 5 be an odd prime power. Then, there is a
(q + 1)—regular graph of girth 7 and order 2q° +2¢?> — q + 1.

@ Further details in M.Abreu’s talk.
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Golomb Rulers

A Golomb ruler of order k is a set S = {«y,..., o} Of k integers
such that the differences |o; — | are all distinct for all i # j.

The largest «; in S is the length of the ruler.

Given an integer k, the integer /. denotes the smallest length
among all Golomb rulers of order k.

In 1990, Gropp proved that for all k > 3 there exists an integer
no(k) such that ny configurations exist for all n > ng(k), and
that ng(k) = 2l + 1.

A Golomb Configuration is a (2l + 1), configuration.
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