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Intro

Cages

@ A (k,g)—cage is a k—regular graph of girth ¢ with minimum
number of vertices
@ (Sachs; 1963): Existence of (k, g)—graphs
foreachk >3 andg > 5

° is obtained when counting the minimum
number of vertices necessary to construct a (k, g)—graph

@ A (k,g)—graph whose order attains Moore’s bound is, by
definition, also a Moore graph



Intro

Moore Graphs

@ The Moore graphs:

e Girth 5and k =2,3,7 and maybe 57

o Girth 6,8 or 12 and they are incidence graphs of finite
projective planes, generalized quadrangles or generalized
hexagons, respectively

@ ('60-'70) Hoffman, Singleton, Feit, Higman, Damerell,
Bannai and Ito = there are no further Moore graphs

@ This means that in most cases the number of vertices in a
(k,g)—cage is strictly greater than Moore’s bound

@ Many authors are trying to construct cages, or at least
smaller (k, g)—graphs than previously known ones.
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Results [M.A., Araujo, Balbuena, Labbate, Salas - 2014]

Here, we will show how to construct the smallest (g + 1)—regular
graphs of girth 7 known so far, where g > 4 is a prime power.

Theorem 1

Letg > 4 be an even prime power. Then, there is a
(g + 1)—regular graph of girth 7 and order 24° + g* + 24.
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Results [M.A., Araujo, Balbuena, Labbate, Salas - 2014]

Here, we will show how to construct the smallest (g + 1)—regular
graphs of girth 7 known so far, where g > 4 is a prime power.
Theorem 1

Let g > 4 be an even prime power. Then, there IS a
(g + 1)—regular graph of girth 7 and order 24° + g* + 24.

Theorem 2

Letq > 5 be an odd prime power. Then, there is a
(g + 1)-regular graph of girth 7 and order 24° + 2¢*> — g + 1.
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Even Odd

Construction for even prime powers: the graph H

Let I, be a (g + 1, 8)—cage, for an even prime power, q > 4.

End
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Even Odd

Construction for even prime powers: the graph H
Let I, be a (g + 1, 8)—cage, for an even prime power, q > 4.
Let H be a subgraph of T, consisting of the neighbourhood of a

vertex x € V(I;) and the neighbourhods of all but two of its
neighbours, i. e.

H:=N(x)U UN(xi) where N(x) = xo, x1, X2, ..., X;.

End
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Construction for even prime powers: the graph H

Let I; be a (g + 1, 8)—cage, for an even prime power, q > 4.

Let H be a subgraph of I;; consisting of the neighbourhood of a
vertex x € V(I;) and the neighbourhods of all but two of its
neighbours, i. e.

q
H:=N(x)U[ JN(x) where N(x) = x0,x1,%,...,%.
i=2

Observe that V()| =2(3* + ¢> +q + 1)
and |[H =1+¢+1+44(g—1) =¢*>+2, since T, has girth 8.
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Construction for even prime powers: the graph H

Let I; be a (g + 1, 8)—cage, for an even prime power, q > 4.

Let H be a subgraph of I;; consisting of the neighbourhood of a
vertex x € V(I;) and the neighbourhods of all but two of its
neighbours, i. e.

q
H:=N(x)U[ JN(x) where N(x) = x0,x1,%,...,%.
i=2

Observe that V()| =2(3* + ¢> +q + 1)

and |H =1+¢+1+44(g—1) =¢*+2, since T, has girth 8.
Hence, V(T; \ H) = 24° + 4% + 24, the number of vertices that
our final graph will have.
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Construction for even prime powers: the graph I, \ H
However, T;; \ H is not regular. It is indeed biregular of degrees
gand g +1.
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Construction for even prime powers: the graph I, \ H
However, T;; \ H is not regular. It is indeed biregular of degrees
gandgq+ 1.

All vertices have degree g + 1 except for the ones in the
following sets:
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Construction for even prime powers: the graph I, \ H
However, T;; \ H is not regular. It is indeed biregular of degrees
gandgq+ 1.

All vertices have degree g + 1 except for the ones in the
following sets:

Xo := N(x0) —x,
X1 :=N(x1) —x,
Xij == N(x;j) — xj,
where x;; is the /™ neighbour of x;
fori=2,..., gandj=1,..., q




Intro Even Odd End

Construction for even prime powers: the graph I, \ H
However, T;; \ H is not regular. It is indeed biregular of degrees
gandgq+ 1.

All vertices have degree g + 1 except for the ones in the
following sets:

Xo = N(XQ) — X,
Xy :=N(x1) —x,
Xij == N(x;j) — xj,
where x;; is the /™ neighbour of x;
fori=2,..., gandj=1,..., q

All these sets have even cardinality
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Even Odd

Construction for even prime powers: the graph I“q1
Let 2 ={Xo, X1, X;j:i=2,...,q0,j=1,...,q}%

End
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Even Odd

Construction for even prime powers: the graph I“q1
Let Z={X0,X1,Xij Zi=2,...,q,j= 1,...,q}.

For each set Z € Z, My will denote a perfect matching of Z

End
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Construction for even prime powers: the graph I“q1
Let Z={X0,X1,Xij Zi=2,...,q,j= 1,...,q}.

For each set Z € Z, My will denote a perfect matching of Z

Definition
We define T to be the graph with:
V(r}) = V(I —H) and E(T}) = E(T, — H) U | ] Mz.

ez




Intro Even Odd End

Construction for even prime powers: the graph Fql
LetZ,:{XO,X1,X,-]-:i:2,...,q,j:1,...,q}.

For each set Z € Z, My will denote a perfect matching of Z

Definition
We define T to be the graph with:
V()= V(I —H)and E(I)) :=E(l, —H) U | ] M.

zez
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Construction for even prime powers: the graph I"q1
LetZ:{XO,X1,X,-]-:i:2,...,q,j:1,...,q}.

For each set Z € Z, My will denote a perfect matching of Z

Definition
We define T to be the graph with:
V()= V(I —H)and E(I)) :=E(l, —H) U | ] M.

zez

The graph I} is (4 + 1)-regular
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Construction for even prime powers:
Condition on Matchings

Lemma
Fql has girth 7 if the following condition holds:

For each uv € Mx, and Xy, where i,k €{0,...,q—2},j,l €{1,...,q}

E(T} N2 (uv) N Xyl) N My, = 0.

End
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Even Odd

Construction for even prime powers:
Condition on Matchings

Lemma
Fql has girth 7 if the following condition holds:

For each uv € Mx, and Xy, where i,k € {0,..., g—2}4jle{l,....q

E(T} N2 (uv) N Xyl) N My, = 0.

c:we Mx-‘j

End
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Construction for even prime powers:
Matchings satisfying the Condition
Lemma J

There exist > — g matchings My, satistying the previous condition.

Idea of the proof: Let Fy,.. ., F,_1 be a 1-factorization of K, with vertices
he{l,...,q}

R =02)6%)
Fz = (I‘l) (2-3)
FJ H {13) (24)
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Construction for even prime powers:
Matchings satisfying the Condition

Lemma
There exist > — g matchings My, satistying the previous condition. J

Idea of the proof: Let Fy, ..., F, | be a 1-factorization of K, with vertices
he{l,...,q}Foreachi=2,...,q, let xjx; € MX,./, if and only if hh' € F; ;4.

X ] a3

(5,7)—graph obtained from the construction for even prime powers, g = 4
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Construction for odd prime powers: the graph H
Definition
Let x,y € V(I;) be vertices at distance four in T;, and let xx;s;y;y

be the edge disjoint xy-paths fori =0, ..., 5. We define the
following sets:

H = {x,¥,53,54,...,5; UN(x) UN(y) C V(I});
i = N(xi)ﬁV(Fq—H), i=0,...,q
i = N(yi)ﬂV(Fq—H), iZO,...,q;
i = N(Si)ﬁV(rq—H), i=3,...,q.

=<
|

End
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Construction for odd prime powers: the graph I, — H

The graph I, — H has order 24 + 2¢> — g+ 1 but it is not regular.
lts degrees are g —1,q and g + 1.
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Construction for odd prime powers: the graph I, — H

The graph I, — H has order 24> + 29> — g + 1 but it is not regular.
Its degrees are g —1,g and g + 1.

Indeed, the vertices sy, s1, s> have degree g — 1,
those in X; UY; U S; have degree g and
all the remaining vertices of I, — H have degree g + 1.
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Construction for odd prime powers: the graph I, — H

The graph I, — H has order 24 4+ 2¢*> — g+ 1 but it is not regular.
Its degrees are g —1,g and g + 1.

Indeed, the vertices sy, s1, s, have degree g — 1,
those in X; U Y; U S; have degree g and
all the remaining vertices of I, — H have degree g + 1.

Therefore, in order to complete the degrees of such vertices it
is necessary to add edges to I'; — H being careful to avoid
cycles of length smaller than seven.
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Even Odd

Construction for odd prime powers: the graphs I and I2
As before, let Z be the family of all the sets X;, Y;, S;. Note that,
all sets in Z have even cardinality.

End
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Construction for odd prime powers: the graphs I and I2
As before, let Z be the family of all the sets X;, Y;, S;. Note that,
all sets in Z have even cardinality.

For each Z € Z, Mz will denote a perfect matching of V(Z).
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Construction for odd prime powers: the graphs I and I2
As before, let Z be the family of all the sets X;, Y;, S;. Note that,
all sets in Z have even cardinality.

For each Z € Z, Mz will denote a perfect matching of V(Z).

Xo@r>‘ ®YO
xl@>; ®YI

@7‘ O r:
xa@ @5 @7’

x,@ @ ®>’g
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Construction for odd prime powers: the graphs I and I2
As before, let Z be the family of all the sets X;, Y;, S;. Note that,
all sets in Z have even cardinality.

For each Z € Z, Mz will denote a perfect matching of V(Z).
Definition
Let I'; be a (g + 1, 8)-cage for odd prime power g > 5.
@ Let I} be the graph with:
V()= V(I —H)and E(I}) :=E(T, —H) U | ] M.
Zez
o Define I7 as V(I7) := V(I}) and
E(T7) := (E(T}) \ {uovo, thh01, u202}) U {Sotho, So00, 1141, 5101, Satd2, 5202},

the deleted edges u;v; belong to My, in I",} and they are replaced by the
paths of length two u;s;v;, i € {0, 1,2}
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Construction for odd prime powers: the graphs I and I2
As before, let Z be the family of all the sets X;, Y;, S;. Note that,
all sets in Z have even cardinality.

For each Z € Z, Mz will denote a perfect matching of V(Z).
Definition
Let I'; be a (g + 1, 8)-cage for odd prime power g > 5.
@ Let I} be the graph with:
V()= V(I —H)and E(I}) :=E(T, —H) U | ] M.
Zez
o Define I7 as V(I7) := V(I}) and
E(T7) := (E(T}) \ {uovo, thh01, u202}) U {Sotho, So00, 1141, 5101, Satd2, 5202},

the deleted edges u;v; belong to My, in I",} and they are replaced by the
paths of length two u;s;v;, i € {0, 1,2}

Iy is (g + 1)-regular.
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Construction for odd prime powers:
Conditions on the Matchings

Lemma

Iy and T both have girth 7 if the matchings Ms,, Mx, and My,
have the following properties:
(a1) Foralluv € Ms,, E(T} [N2(uv) N Sj1) N M;; = 0.

(a2) Foralluv € Mx,, E(T}[N2(uv) N Y1) N My, = 0.
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Construction for odd prime powers:
Conditions on the Matchings

Lemma

Iy and T both have girth 7 if the matchings Ms,, Mx, and My,
have the following properties:
(a1) Foralluv € Ms,, E(T} [N2(uv) N Sj1) N M;; = 0.

(a2) Foralluv € Mx,, E(T}[N2(uv) N Y1) N My, = 0.

= Me.
(al\ ue we 5"U-
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Construction for odd prime powers:
Conditions on the Matchings

Lemma

Iy and T both have girth 7 if the matchings Ms,, Mx, and My,
have the following properties:
(a1) Foralluv € Ms,, E(T} [N2(uv) N Sj1) N M;; = 0.

(a2) Foralluv € Mx,, E(T}[N2(uv) N Y1) N My, = 0.

= M . csu.\re Mx
(al\ uc wr e 5"-0- ((IZJ u LU
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The choice of the matchings Ms,

Lemma
There exist matchings Ms,, fori =3,...,q, such that condition
(al) holds.

The proof follows from the regularity of W(g) which implies that

{6, 11 = Nseny () (y) Na(s), and hence | ﬂN ) =q—1.
i=0
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The choice of the matchings Ms,

Lemma
There exist matchings Ms,, fori =3, ...,q, such that condition
(al) holds.

The proof follows from the regularity of W(g) which implies that

eyt = Msens (x)rms () N2(s), and hence | ﬂ N(S))|=q—1.
i=0

Let Fy,...,F,; > be a 1-factorization of K, with vertices
he{l,...,q—1}
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The choice of the matchings Ms,

Lemma
There exist matchings Ms,, fori =3, ...,q, such that condition
(al) holds.

The proof follows from the regularity of W(g) which implies that

Loyt = Msens (x)rms () N2(s), and hence | ﬂ N(Si)|=q—1.
i=0

Let Fy,...,F,; > be a 1-factorization of K, with vertices
he{l,...,q—1.}

Foreachi=3,...,q, let x;;x;; € Ms, if and only if hh’ € F; .
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The choice of the matchings Mx, and My,
In order to find the remaining matchings it was necessary to
use a labeling of the vertices of I;; according to a
coordinatization, using finite fields, of the corresponding W(q).

Lemma

There exist matchings Mx, and My,, fori =0, ...,q, such that
condition (a2) holds.

We distinguished two cases:
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The choice of the matchings Mx, and My,
In order to find the remaining matchings it was necessary to
use a labeling of the vertices of I;; according to a
coordinatization, using finite fields, of the corresponding W(q).

Lemma

There exist matchings Mx, and My,, fori =0, ...,q, such that
condition (a2) holds.

We distinguished two cases:

My My
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The choice of the matchings Mx, and My,
In order to find the remaining matchings it was necessary to
use a labeling of the vertices of I;; according to a
coordinatization, using finite fields, of the corresponding W(q).

Lemma

There exist matchings Mx, and My,, fori =0, ...,q, such that
condition (a2) holds.

We distinguished two cases:

My My

— e -—
(') (pali) (hol)  (pali) (o) (pati) () (i)

@ g=7p" a>1isaprime power
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Thank You

End
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