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Sywvmetries

¥ An automorphism of an n-polytope P is an
order-preserving Bijection

¥ We denote By I'(P) the automorphism aroup of P.
* I'(P) acts freely on flacs.

¥ [# this action is also transitive, we say that P is reaular.
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New prorlem

¥ Facets of regular polytopes are reaular.

¥ |# K is a recular n-polytope, is there a recular
(n+ 1)-polytope P with all the facets isomorphic to P?

- The trivial extension of K is regular i£ K is recular.
- The trivial extension is also very decenerate..

¥ |# K is a n-polytope, does K admit a8 non-decenerate
reaular extension?
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¥ I# Pis of tye {p1,..., o A
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(pip))? =1 8 |i—j]>2
(pi-1pi)P =1
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Sywvmetries of RP

Theorem (Schulte, 82)

Given [0l 000 Jo i S {2 ..... 00} aaroup I = <P0 ..... p,,_1>
satisfying

of=1
* 1 (g =1 ibhli—j| =2
(0i—10:)P" =

¥ The intersection property.

There exists a reaular n-polytope P(T) such that
¥ P(T) is of tyre {p1,..., B |
R —

* The facets of P(T) are isomorphic to P ({po, ..., Pn—2)).
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Extension proelem, with
G OupPs

Given a reaular n polytope IC, with I'(K) = (po, ..., Pn—1) 8Nd 8
arouwp I' = (po, ..., On)

¥ pp Is an involution,

¥ pj— pj,for i < n—1I1s an empeedding,

* T satisfies the intersection property

The reaular polytope P(T) is a reaular extension of K of type
{K, q} where q = o(fn—10n)
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¥ (Schulte, 83): Universal extension. Type {KC, o},

¥ (Schuite, 82-83): Extension By permutations of facets.
Tyee {K, 6}, TR = T'(IC) X 5mii

% (Danzer, 84): Generalised cuges 2K type {4},
r(2K) = ¢ I(K)
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¥ (Pellicer, 20l0): Extensions of dually gipar-tite polytopes.
Type {K,2s}, Vs > 3. Built using coset araphs

¥ (Pellicer, 2009): Extensions of reaular polytopes with
prescriged type (2571, Type {KC, 25}, Vs > 2,
r(2sf-1) = (@Sar= >4F(IC)

¥ (Hartley, 2005): The n-hemicure cannot Be extended
with an odd numeer.
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Other syvmmetries?

¥ Regular polytopes are the most symmetric

¥ Dearee of symmetry «— Nnumeer Of flag-orsits.
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Other syvmmetries?

¥ Chiral (irreflexigle) maps have full rotational symmetry
But dot not admwit reflections.
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Other syvmmetries?

¥ Chiral (irreflexigle) maps have £ull rotational symmetry
But dot not admit reflections.

¥ Geometric chiral 4-polytopes were first studied By
Coxeter (Twisted -Honeyecomes, 1970)

¥ The ceometric definition can Be aiven in comerinatorial
terms.
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Other syymmetries?

¥ Chiral (irreflexigle) maps have full rotational symmetry
But dot not admit reflections.

¥ Geometric chiral 4-polytopes were first studied By
Coxeter (Twisted Honeycomes, 1970

¥ The ceometric definition can Be aiven in comerinatorial
terms.
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Theorem (ShuHte-\Weiss, 9
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flag-oreits with adjacent flaas in different oregits.

Theorem (ShuHte-\Weiss, 9
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Chiral polytopes

(ShuHte-\Weiss, 9N: An arstract polytope is chiral if it has 2
flag-oreits with adjacent flaas in different oregits.

Theorem (ShuHte-\Weiss, 9
Given a group I' = ..

¥ .sOme relations..

¥ .. sOMme intersection property..

Then T is the automorphism aroup of a chiral polytope ..
.. Of the rotation aroup of a recular polytope.
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Chiral polytopes

Some history

¥ Chiral maps (chiral 3-polytopes): lots of examples.
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Chiral polytopes

Some history

¥ Chiral maps (chiral 3-polytopes): lots of examples.
- Infinitely many chiral toroidal maps.
- No chiral maps on orientagle surfaces of aenera 2, 3, 4,5
or 6.
- Infinitely many surfaces admitting chiral maps.

¥ Rank 4:

- First examples ry Coxeter in the 10’s

- (Colrourn-Weiss, Nostrand-Schuite, Schute-\Weiss,
Monson-Schulte .. 90’s): Examples arising as finite
Quotients of hypereolic honeyeomps.

- No chiral 4-polytopes £rom Euclidean honeycomes.

- (McMullen-Schulte, 96): No chiral n-polytopes £rom
Euclidean tilinas (n > 4).
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- (Schuite-\Weiss, 95): First example of a chiral 5-polytope
(very infinite)
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Chiral polytopes

Some history

¥ Rank b:

- (Schute-\Weiss, 95): First example of a chiral 5-polytope
(very infinite)

- (Conder-Hurard-Pisanski, 2008): First finite example of a
chiral 5-polytope.

¥ (Pellicer, 20l0): Chiral polytopes exists in argitrary rank.

¥ (Cunninaham, 20M: Chiral n-polytopes cannot Be swall i$
nis larce enocuch.
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The extension proklem

Given a polytope K, does K adwit a extension P?
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Proposition
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J All the facets of P are isomorphic.
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The extension proklem

Given a

polytope K, does K adwit a extension P7?

Proposition
Let P re a chiral n-polytope:
J All the facets of P are isomorphic.

¥ All the facets of P are either orientarly reaular or chiral
But all the (n—2)-faces are reaular.
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Chiral extensions of chiral
pOlytopes

¥ (Schurte-\Weiss, 99): Every chiral polytope K with reaular
facets admits a universal chiral extension
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Chiral extensions of chiral
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¥ (Schurte-\Weiss, 99): Every chiral polytope K with recular
facets admits a universal chiral extension

- Type {K, oo}
- Free products with amalaamation

¥ (Cunningham-Pellicer, 2013): Every finite chiral polytope
K with reaular £acets adwits a finite chiral extension

- Tyre {K, q} $or some even numBer g
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Chiral extensions of chiral
polytopes

¥ (Schurte-\Weiss, 99): Every chiral polytope K with recular
facets admits a universal chiral extension

- Type {K, oo}
- Free products with amalaamation

¥ (Cunningham-Pellicer, 2013): Every finite chiral polytope
K with reaular £acets adwits a finite chiral extension

- Tyre {K, q} $or some even numBer g
- Permutation aroup (coset araphs).
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Chiral extensions of chiral
polytopes

Theorem (M, 2021

* 1§ K is a finite dually Bipartite chiral polytope with regular
facets, there are infinitely many numeers s such that K
has a chiral extension of type {/, 2s}.
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Chiral extensions of chiral
poOlytopes

Theorem (M, 2021

* 1§ K is a finite dually Bipartite chiral polytope with regular
facets, there are infinitely many numeers s such that
has a chiral extension of type {/, 2s}.

¥ |# K is a chiral polytope with reaular facets and a
non-deaenerate reaular Quotient, there are infinitely
Mmany NuMeers s such that K has a chiral extension of type
{K,2s}.
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Chiral extensions of chiral
pOlytopes

Given an orientarly reaular polytope K, does K admit a chiral
extension?
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extension?

¥ (Cunningham, 20M: I# K is (1, n— 1)-flat, then K does not
admit a chiral extension.

% (Conder - Hugard - Pellicer - O'Reilly, 2018 *): The
n—simplex admits infinitely many chiral extensions with
symmetrie or alternating Groups as automorphisms
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Chiral extensions of chiral
polytopes

Given an orientarly reaular polytope K, does K adwit a chiral
extension?

¥ (Cunningham, 20M: I# K is (1, n— 1)-flat, then K does not
admit a chiral extension.

% (Conder - Hugard - Pellicer - O'Reilly, 2018 *): The
n—simplex admits infinitely many chiral extensions with
symmetrie or alternating Groups as automorphisms

* (M -Pellicer-Toledo, 2021 ™: I# n is even, almost every
reaular n—toroid admits a chiral extension
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Chiral extensions

Open proelems

¥ Does every chiral polytope (wr£) K adwits a chiral
extension with prescriged type?
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Chiral extensions

Open proerlems

¥ Does every chiral polytope (wr£) K adwits a chiral
extension with prescriged type?

¥ Does every (any) regular polytope admits universal chiral
extension?

¥ Does every regular non-decenerate polytope admits a
chiral extension (with prescriged type)?
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2-0oreit polytopes

* For every proper sugset | C {0,..., n—1} there exists a
class of 2-oreit polytopes: the dlass 2;.
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2-0oreit polytopes

* For every proper sugset | C {0,..., n—1} there exists a
class of 2-oreit polytopes: the dlass 2;.

¥ Chirality = 24.
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2-orBit polytopes
* For every proper sugset | C {0,..., n—1} there exists a
class of 2-oreit polytopes: the dlass 2;.
J Chirali—ty = 2p.

¥ (Hurard-Schuite, somewhere in the future): A
characterisation theorem for the automorphism aroup
Of polytopes in class 2;.
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* For every proper sugset | C {0,..., n—1} there exists a
class of 2-oreit polytopes: the dlass 2;.
J Chirali—ty = 2p.

¥ (Hurard-Schuite, somewhere in the future): A
characterisation theorem for the automorphism aroup
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2-orBit polytopes
* For every proper sugset | C {0,..., n—1} there exists a
class of 2-oreit polytopes: the dlass 2;.
J Chirali—ty = 2p.

¥ (Hurard-Schuite, somewhere in the future): A
characterisation theorem for the automorphism aroup
Of polytopes in class 2;.

¥ (Pellicer-Potoenik-Toledo, 20[9): Two-oreit maniplexes in
class 2, exists for every n and every /.

¥ (Mochédn, 2021 M: Some of those maniplexes are in fact
polytopes.
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2-OrRiIt extensions

¥ The n-polytopes in class 2, are facet transitive if

B n—2}

A Montero (IM UNAM (Mexico)) Extensions AGTIW 21/33



2-OrRiIt extensions

¥ The n-polytopes in class 2, are facet transitive if

B n—2}
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2-OrRiIt extensions

¥ The n-polytopes in class 2, are facet transitive if

I #{0,...,n—2}

¥ The facets of polytopes in class 2; are reaular or in class
27\ {n-1}

¥ The extension proklem makes sense and has two
possigilities.
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Alternatinag 2-orrit
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Alternatinag 2-orrit
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¥ They have reaular facets, of 2 different kinds.

% There are 2k facets around every (n— 3)-face, k of each
kind in an alternating way.
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% There are 2k facets around every (n— 3)-face, k of each
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Alternatinag 2-orrit

.....

¥ They have reaular facets, of 2 different kinds.

% There are 2k facets around every (n— 3)-face, k of each
kind in an alternating way.

% We say that such polytopes have type {1, k}

Fiaure: {4,2}
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Alternatinag 2-orrit

Given P and Q reaular and compatigle polytopes (and k) is
there an atternating 2-oreit polytope of type {7, k} ?
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Alternatina 2-orRit

Given P and Q reaular and compatigle polytopes (and k) is
there an aktternatina 2-oreit polytope of type {7, k} ?

¥ (Schurte-Monson, 20I2) Characterise the automorphism
aroups of the alternating polytopes.

¥ (Schurte-Monson, 2019, 202.0) Two universal
constructions:

- Up,o: Universal alternatine of type {7, oo}
- U o Universal aiternatine of type {7, k}
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Alternatinag 2-orrit

% There are examples of (P, Q, k) such that not only Uy
does NoOt exists But that there is Nno alternating polytope
of tyee {7, k}.

A Montero (IM UNAM (Mexico)) Extensions AGTIW 30/33



Alternatina 2-orRit

% There are examples of (P, Q, k) such that not only Uy
does NoOt exists But that there is Nno alternating polytope
of tyee {7, k}.

¥ Conjecture: Given P and Q, there are infinitely many k
such that Ug , exists.

A. Montero (IM UNAM (Mexico)) Extensions AGTIW 30/33



Alternatina 2-orRit

% There are examples of (P, Q, k) such that not only Uy
does NoOt exists But that there is Nno alternating polytope
of tyee {7, k}.

¥ Conjecture: Given P and Q, there are infinitely many k
such that Ug , exists.

¥ Conjecture: There are infinitely many k £or which there
exist P and Q such that Uy , does not exist.

Extensions AGTIW 30/33



Alternatina 2-orRit

% There are examples of (P, Q, k) such that not only Uy
does not exists But that there is Nno aiternating polytope
of tyee {7, k}.

¥ Conjecture: Given P and Q, there are infinitely many k
such that Ug , exists.

¥ Conjecture: There are infinitely many k £or which there
exist P and Q such that Uy , does not exist.

¥ Proelem Characterise the trirlets (P, Q, k) for which
there exists a finite atternatina polytope of tye {7, k}.
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k-orait

Very little is known £or k-orgit polytopes with k > 3.
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k—OrBit
Very little is known £or k-orgit polytopes with k > 3.

¥ (Cunninaham-Pellicer, 20I18): A list with more than 30
Proelems on k-orgit polytopes.

% (Hurard - Mochén, 2021 M): Generators, relations and
intersection properties fOr automorphism Groups of
k-oreit polytopes.

¥ Some techniQues used £or regular polytopes apply to a
more aeneral dass (notarly 2X and related constructions).

¥ Proelenm: Given a regular polytope I, is there a k-oreit
extension of K.

¥ Proelem: Given a k-orsit polytope K, is there a universal
k-oreit extension of .
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Other interesting
ProRrlems

There are some other related proelems which | did not talked
agout (sorryh

A Montero (IM UNAM (Mexico)) Extensions AGTIW 32/33



Other interesting
ProRrlems

There are some other related proelems which | did not talked
agout (sorryh

¥ Amalaamations

A. Montero (IM UNAM (Mexico)) Extensions AGTIW 32/33



Other interesting
ProRrlems

There are some other related proelems which | did not talked
agout (sorryh
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Other interesting
ProRrlems

There are some other related proelems which | did not talked
agout (sorryh

¥ Amalaamations
¥ Hypertopes
J Small extensions.
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