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-
Embeddings of Graphs

Definition
An embedding of G = (V, E) into R™ is an injective function p: V — R™.
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x,yeV d(x,y)
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@ contraction(p) := max %
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An embedding of G = (V, E) into R™ is an injective function p: V — R™.

@ expansion(p) := max M

x,yeV d(x,y)
d
@ contraction(p) := max %
xyeV[p(x) = p(y)ll2
e distortion(p) := expansion(p) - contraction(p).
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-
Embeddings of Graphs

Definition
An embedding of G = (V, E) into R™ is an injective function p: V — R™.

@ expansion(p) := max M

x,yeV d(x,y)
d
@ contraction(p) := max %
xyeV[p(x) = p(y)ll2
e distortion(p) := expansion(p) - contraction(p).

V4 v3 (0,1) (1,1) @ exp(p) = max{%7 %} -1
@ cont(p) = max{%7 %} =2
" ” (0,0) (1,0) @ dist(p) = v2
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|
Least Distortion of Graphs

Definition
The least distortion of G is defined as

c(6) = min {dist(p)}
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|
Least Distortion of Graphs

Definition
The least distortion of G is defined as

c(6) = min {dist(p)}

o V(Qu) =74 x=(x)~y=(n) <= [{i:xi £y} =1

0 0 V(Qa) > RY  (xt,. -1 x0) 1 Ixty o xa]
— —
(@) < V3
Enflo 1969, Linial and Magen 2000, Vallentin 2008.
@ pis an optimal embedding and o (Qy) = V/d. J
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Grand ancestor of finite metric embedding

Bourgain 1985

Every metric space with n points can be embedded into Euclidean space
with distortion O(log n).

Least Distortion distance-regular graphs AGTIW Fall 2022 4/32



Grand ancestor of finite metric embedding

Bourgain 1985
Every metric space with n points can be embedded into Euclidean space
with distortion O(log n).

Linial, London, Rabinovich 1995, Matousek 1997
The bound above is tight and can be attained by the graph metric of
expander graphs.
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Equivalent formulation

Definition
c2(G) = min{dist(p)} = min{exp(p) - cont(p)},

and cont(p) = max,, Hp(xd)(x’)’)

[lp(C)=p(¥)l2
yood(xy) —pWl2”

where exp(p) = max,
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Equivalent formulation

Definition
c2(G) = min{dist(p)} = min{exp(p) - cont(p)},

and cont(p) = max,, Hp(xd)(x’)’)

where exp(p) = max,., w MpG)=pW)l2"

Note: A matrix Q is positive semidefinite <= Q = UUT for a matrix U.
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Equivalent formulation

Definition
c2(G) = min{dist(p)} = min{exp(p) - cont(p)},

where exp(p) = maxy, % and cont(p) = max,, Hp(xd)(x’”

—pW)ll2”

Note: A matrix Q is positive semidefinite <= Q = UUT for a matrix U.

& (G)=minC, &(G)= min C,
d(x,y) < [lp(x)=p(¥)ll2 < C d(x,y) d(%,y)* < Gextayy — 2qxy < C7 d(x,y)
Vx,y € V, p is embedding. A Vx,y € V, Q is PSD.
p:x = x" row of U Q = (gxy)= ({p(x), p(y))) is PSD
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Semidefinite programming and Duality

Linial, London, Rabinovich 1995
&(G) = C, where,

minimize C2,
subject to Q = (gx,,)x,yecv is positive semi definite,

d(X7Y)2 < gxx t Ay,y — 2qx,y < c?. d(X7Y)27VX7y eV.

v
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Semidefinite programming and Duality

Linial, London, Rabinovich 1995
&(G) = C, where,

minimize C2,
subject to Q = (gx,,)x,yecv is positive semi definite,

d(X7Y)2 < gxx t Ay,y — 2qx,y < c?. d(X7Y)27VX7y eV.

v

Linial, London, Rabinovich 1995
Let O, :={Q|Q is n x n PSD and QI = 0}.

C2(G) S C

S VQEOL: Y d*(x,y)quy +C* > d*(x,¥)gxy <0.

dx,y>0 Gx,y <0

v
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|
The least distortion ¢(G)

Linial, London, Rabinovich 1995

(G) = &3&5(0)’

where

ZQ)<,y>0 d2 (X7 Y)QX,y

EA\D SRy I erm)
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|
The least distortion ¢(G)

Linial, London, Rabinovich 1995

(G) = &3&5(0)’

where

ZQ)<,y>0 dz(X7y)qX>y
qu,y<0 d?(x,¥)(=Gx,y)

Q) =

max {3(Q)} = c2(G) = min{dist(p)}

@ Any Q € O, provides a lower bound on c(G).
@ Any embedding p provides an upper bound on (G).
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-
Distance-Regular Graphs

e G =(V,E): a finite connected graph of diameter d.
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Distance-Regular Graphs

e G =(V,E): a finite connected graph of diameter d.
o Ii(x) ={yld(x,y) = i}: the i*""subconstituent w.r.t. x.

e G: distance-regular
def

< Jaj, b, (i=0,1,...,d) st. Vx,y € V with d(x,y) =1i:

Ii(x) Fia(x)  Ti(x) Tia(x)  Ta(x)
. b.@ég(‘
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Distance-Regular Graphs

e G =(V,E): a finite connected graph of diameter d.
o Ii(x) ={yld(x,y) = i}: the i*""subconstituent w.r.t. x.

e G: distance-regular
def

< Jaj, b, (i=0,1,...,d) st. Vx,y € V with d(x,y) =1i:

M(x Fici(x)  Ti(x) Tia(x) Ta(x)

-l

@ G is regular of valency k = by and a; + b; + ¢; = k.
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-
Distance-Regular Graphs

e G =(V,E): a finite connected graph of diameter d.
o Ii(x) ={yld(x,y) = i}: the i*""subconstituent w.r.t. x.

e G: distance-regular

def

< Jaj, b, (i=0,1,...,d) st. Vx,y € V with d(x,y) =1i:

M(x Fici(x)  Ti(x) Tia(x) Ta(x)

-l

@ G is regular of valency k = by and a; + b; + ¢; = k.

e i(G) ={bo,b1,...,b4_1;€1,C,...,Cq}: the intersection array of G
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Examples of distance-regular graphs

o The Petersen graph

i(G) =1{3,2;1,1}
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Examples of distance-regular graphs

o The Petersen graph

i(G) =1{3,2;1,1}

@ Distance-regular graphs of diameter 2 are called strongly regular.
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Examples of distance-regular graphs

The Hamming graph H(n, d) 010 110
o V = Zg 011 111

def ; doo 100
ox=(x)~y=) = Hi:xi#y} =1, 7

e bi=(d—i)(n—1), ¢i=i(i=0,1,...,d) {(H(2,3)) = {3,2,1:1,2,3)
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Examples of distance-regular graphs

The Hamming graph H(n, d) 010 110
o V = Zg 011 111

def ; doo 100
ox=(x)~y=) = Hi:xi#y} =1, 7

e bi=(d—i)(n—1), ¢i=i(i=0,1,...,d) {(H(2,3)) = {3,2,1:1,2,3)

The Johnson graph J(n, d)
o v=(2)
ox~y<£>\xﬂy\:d—l

o bi=(d—i)(n—d—1i), c=i
(i=0,1,...,d)

i(J(4,2)) ={4,1;1,4}

Himanshu Gupta Least Distortion distance-regular graphs AGTIW Fall 2022 10/32



Distance Matrices

1, ifd(x,y)=1i

A; is the distance i matrix of G & (Ai)xy = X
0, otherwise.

Least Distortion distance-regular graphs AGTIW Fall 2022 11/32



Distance Matrices

1, ifd(x,y)=1i

A; is the distance i matrix of G & (Ai)xy = X
0, otherwise.
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Distance Matrices

1, ifd(x,y)=1i

A; is the distance i matrix of G & (A)xy = X
0, otherwise.

A; is the adjacency matrix of distance-/ graph G; of G.

Fiaa(x)  Ti(x) Tia(x)  Ta(x)

()
Combinatorial @ ' @ (‘

definition:

A1A; = Gi1Ai + aiAi + bi1Ai
— A,‘I V,'(Al),
w(x) =1, vi(x) =x and

X - V,'(X) = C,'+1V,'+1(X) + a,-v,-(x) + b,-,lv,-,l(x).

In terms of
matrices:
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Eigenvalues of a distance-regular graph

o A = RJ[A]: the adjacency algebra of G.
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Eigenvalues of a distance-regular graph

o A = RJ[A]: the adjacency algebra of G.
o First Basis: {/,A A%, --- A9}
o Second Basis: {/, A1, Az, ,Ad}

@ The adjacency matrix of G has d + 1 distinct eigenvalues:

k=0g>01>...>04.
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Eigenvalues of a distance-regular graph

o A = RJ[A]: the adjacency algebra of G.
o First Basis: {/,A A%, --- A9}
o Second Basis: {/, A1, Az, ,Ad}

@ The adjacency matrix of G has d + 1 distinct eigenvalues:
k=0y>01>...>04.

@ They are the eigenvalues of the following matrix:

ao bo 0 NN 0
i a1 b1 0 0
L=]:
0 Cd—1 ad-1 bdg-1
| 0 Cd aq |
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Eigenmatrix of a distance-regular graph

Recall: A,' = V,'(Al)

Ao Aq Az Ad-1
1 k V2(k) ce Vdfl(k)
1 6 vo(01) o va-1(61)
p_|1 vo(02) - va-1(62)
1 0g-1 vo(0g-1) -+ va—1(0a-1)
| 1 9d V2(9d) tee Vd—l(‘gd)

Himanshu Gupta Least Distortion distance-regular graphs
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va(61)
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Eigenmatrix of a distance-regular graph

Recall: A,' = V,'(Al)

Ao Ar Ao Ad—1 Ad
1 k V2(k) Vdfl(k) Vd(k)
1 0 vo(01) o va-1(61) va(61)
p_|l ¢ vo(02) - va-1(62) va(62)
1 Og-1 v(0g-1) -+ vg—1(0d—1) va(fa-1)
| 1 9d V2(9d) tee Vd—l(‘gd) Vd(gd) ]

a, a,

ap,y ap

Where k; := v;(k) is the degree of the distance i graph G;.
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-
The least distortion of drgs

Vallentin 2008
If G is a drg with diameter d and eigenvalues k > 01 > ... > 64, then

Ad—1
Vdfl(k)
vg—1(01)
Va-1(02)

Vdfl(.edfl)
vg—1(0q)
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-
The least distortion of drgs

Vallentin 2008
If G is a drg with diameter d and eigenvalues kK > 61 > ... > 4, then

) d2Vd(k) . k—9J
c(C)” = klg-'é‘d{w(/dvc/(@j)}'

maxqec0,{6(Q)} = &(G)
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The least distortion of drgs

Vallentin 2008

If G is a drg with diameter d and eigenvalues kK > 61 > ... > 4, then

) d2Vd(k) . k—9J
c(C)” = klg-'é’d{w(/dvc/(t%)}'

Proof

o B [ k=6
o Q:=(k—a-vy(k))l —A+aAy, a= 12,-2(1 { va(k) — va(8;) }

maxqec0,{6(Q)} = &(G)
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The least distortion of drgs

Vallentin 2008

If G is a drg with diameter d and eigenvalues kK > 61 > ... > 4, then

) d2Vd(k) . k—9J
a6z f min L)

Proof

o Q:=(k—a-vg(k)) — A+ aAy, = min {k_ej}

1<j<d | va(k) — va(0))
@ Then Qf: 0 and Q is PSD

maxqec0,{6(Q)} = &(G)
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The least distortion of drgs

Vallentin 2008

If G is a drg with diameter d and eigenvalues k > 61 >

.. > 04, then
d?vg(k) . k —6;
G)? > — — 1.
a6 = 5 min { vd(ej)}
Proof
k —6;
o Q:=(k—a-vg(k)) — A+ aAy, = min

{

_ d?valk)
26, ¥)(~axy) K

1<j<d

@ Then Qf: 0 and Q is PSD
quy>od (%, ¥)axy
N quy<0

maXngn{5(Q)} C2(G)

Himanshu Gupta Least Distortion distance-regular graphs
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b
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The least distortion of drgs

Vallentin 2008

If G is a drg with diameter d and eigenvalues k > 6, > ... > 04, then

2 szd(k) ; k=6
@(G)” = — 12}'<”d{w(/<)vc/(9,-)}'

This lower bound is tight for all
@ Hamming graphs, ca(H(n,d)) = Vd, (x1,- - ,x4) = (eq, -, &) € R™.
@ Johnson graphs, cx(J(n, d)) = Vd, A=Y e € R".

© Strongly regular graphs, ¢,(G) =24/1+ % where s is the negative
eigenvalue of G.

&(G) = min,{dist(p)}
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The least distortion of drgs

Vallentin 2008
If G is a drg with diameter d and eigenvalues k > 01 > ... > 04, then

2 M min ﬂ
(G)” > k 1<j<d { va(k) — Vd(gj)} '

Conjecture (Vallentin 2008)
The lower bound above is tight for all drgs.
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-
The least distortion of drgs

Vallentin 2008

If G is a drg with diameter d and eigenvalues k > 01 > ... > 04, then

d?v,(k . k —6;
@(G)* > Z( )1212(]{ ]

va(k) — va(0;)

b

Conjecture (Vallentin 2008)
The lower bound above is tight for all drgs.

Cioaba, G., lhringer and Kurihara 2022+
@ The conjecture is not true in general.

@ The conjecture is true for several families of drgs.
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The least distortion of drgs

If G is a drg with eigenvalues k > 61 > ... > 04, then for any 1 < r < d,

2 I’2V,(k) H k— 9J
a(G)” > K 12j|£d {Vr(k)_‘/r(‘gj)} '
Ao A
o va(k)
) va(01)
oI vy(02)
i vd(H.d—l)
E vd(0a)

AGTIW Fall 2022 18 /32
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The least distortion of drgs

If G is a drg with eigenvalues k > 61 > ... > 04, then for any 1 < r < d,

r2Vr(k) ; k=9
(6)? > — 12‘201{‘4(/‘)_‘4(91')} '

maxqec0,{6(Q)} = &(G)
Least Distortion distance-regular graphs AGTIW Fall 2022 19/32



-
The least distortion of drgs

If G is a drg with eigenvalues k > 61 > ... > 04, then for any 1 < r < d,

r2Vr(k) ; k=9
(6)? > — 12‘201{‘4(/‘)_‘4(91')} '

Proof
o Q = (k—pB-v/(k))|—A+BA,, where 5 = min {V(k_gj}

1<j<d k) — v, (6;)

maxeec0,{6(Q)} = &(G)
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r2Vr(k) ; k=9
(6)? > — 12‘201{‘4(/‘)_‘4(91')} '

Proof
o Q = (k—pB-v/(k))|—A+BA,, where 5 = min {V(k_gj}

1<j<d | ve(k) — v, (6))
e Then Q,1 =0 and @, is PSD.
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-
The least distortion of drgs

If G is a drg with eigenvalues k > 61 > ... > 04, then for any 1 < r < d,

Gy s Tk { k=6 }

k 1<j<d | ve(k) — vi(0;)
Proof
k—0;
o Q= (k= 8wk~ A+ 5A where § = min {020,
S r r\J

e Then Q,1 =0 and @, is PSD.

2 qu,y>0 d?(X, ¥)dx,y r?v, (k)
qu,y<0 (va)(_qX,y) k

maxqec0,{6(Q)} = &(G)
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Counterexamples to Vallentin's Conjecture

° &(G)?> % mini<j<d {#} [Vallentin 2008]

d—1)2vy_1(k . k—0
° ©(G)* > Lkdl() mini<;<d {4\/(,,1(@7\/‘,,1(9/)} :

Hadamard graphs

A Hadamard graph is a distance-regular graph with intersection array
{2p,2p0 — 1, 11, 1; 1, 0, 200 — 1,21}, where g > 2 an even number.

Computing the bounds above

0 22 Y Ivajlentin 2008]

L
o(y/27i-1)

@~

When 1 > 34, S0/Z-1) - 8(/Z1)

V2pu+1 V2u
Least Distortion distance-regular graphs AGTIW Fall 2022 20/32




The cosine sequence/the standard sequence

Graph representation

For an eigenvalue 0, let Uy be a n X m matrix whose columns form an
orthonormal basis for the eigenspace of 0. For 1 < x < d, let up(x) denote
the x-th row of Up.
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The cosine sequence/the standard sequence

Graph representation

For an eigenvalue 0, let Uy be a n X m matrix whose columns form an
orthonormal basis for the eigenspace of 0. For 1 < x < d, let up(x) denote
the x-th row of Up.

o AUy =0Uy = ZZNy ( ) = HUQ(y).
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The cosine sequence/the standard sequence

Graph representation

For an eigenvalue 0, let Uy be a n X m matrix whose columns form an
orthonormal basis for the eigenspace of 0. For 1 < x < d, let up(x) denote
the x-th row of Up.

° AUp=0Uy = 3_,., us(z) = Oup(y).
e For drgs (ug(x), up(y)) only depends on d(x, y).
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The cosine sequence/the standard sequence

Graph representation

For an eigenvalue 0, let Uy be a n X m matrix whose columns form an
orthonormal basis for the eigenspace of 0. For 1 < x < d, let up(x) denote
the x-th row of Up.

o AUy =0Uy = ZZNy ( ) = HUQ(y).
e For drgs (ug(x), up(y)) only depends on d(x, y).
o If d(x,y) = r, the r-th cosine w.r.t. 6 is defined as

(up(x), up(y))
(up(x), ug(x))

Y w,(0) ==
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The cosine sequence/the standard sequence

Graph representation

For an eigenvalue 0, let Uy be a n X m matrix whose columns form an
orthonormal basis for the eigenspace of 0. For 1 < x < d, let up(x) denote
the x-th row of Up.

o AUy =0Uy = ZZNy ( ) = HUQ(y).
e For drgs (ug(x), up(y)) only depends on d(x, y).
o If d(x,y) = r, the r-th cosine w.r.t. 6 is defined as

Il o (0) e SUa(X); tg(y))
") = ). w())

o 0-w(0) =cwr1(0) + arw,(0) + brwri1(6).
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The cosine sequence/the standard sequence

Graph representation

For an eigenvalue 0, let Uy be a n X m matrix whose columns form an
orthonormal basis for the eigenspace of 0. For 1 < x < d, let up(x) denote
the x-th row of Up.

AUy =0Uy = ZZNy ( ) = HUQ(y).
For drgs (up(x), ug(y)) only depends on d(x,y).

If d(x,y) = r, the r-th cosine w.r.t. 6 is defined as

Il o (0) e SUa(X); tg(y))
") = ). w())

o 0-w(0) =cwr1(0) + arw,(0) + brwri1(6).
o w,(0) = v (0)/vi(k).
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Two interpretations of the cosine sequences

° w,(0) = :Ei;
Ao A1 A2 e Ad—l Ad
1 1 1 cee 1 1
1 61/k w;(61) B wy—1(61) wq(01)
W= 1 02//( W2('92) cee Wdf?(ez) Wd(-02)
i 0d_.1/k Wz(éd_1) e Wd—l(.ed—l) Wd(éd—l)
1 04/k w2 (04) B wa—1(0d) wa(0d)

@ 0-wr(0) = cwr—1(0) + arwr(6) + brw,11(6)

a0 bo 0 e 0 1 1

C1 ail b1 0 0 W1(0,') W1(9,‘)

: : : : =0 :

0 ... ci-1 ad-1 ba—1| |wi-1(6;) wq—1(07)
0 e e Cd ad Wd(e,') Wd(e,')
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-
General Embedding for any drg

Embedding/Eigenpolytope

Let p V(G) = R be defined as p(x) = (X),uu:f((xx))) =
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-
General Embedding for any drg

Embedding/Eigenpolytope

Let p V(G) = R be defined as p(x) = (X),uu:f((xx))) =

o d(x,y) =r = [[p(x) — p(y)ll2 = \/ :=esld).
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-
General Embedding for any drg

Embedding/Eigenpolytope

m _ Uel( x)
Let p: V(G) — R™ be defined as p(x) := NG CYh
d(x,y) = r = |lo(x) = p(y)|l2 = |/ 1odond.
]
I 1—w.(01) )
1—wi(61) — W
el \/ Lwlty)
\
\
]
E—
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-
General Embedding for any drg

Embedding/Eigenpolytope

Let p: V(G) — R™ be defined to, ()
et p: V(G) e defined as p(x) := V/2(u6, ()6, () (1—wa (01))
0

d(x,y) = r = |lo(x) = p(y)|l2 = |/ 1odond.

\

’7 1— W,(Gl) 1

O _ 1—wy (6, — W

e R R

-

\ @ cont(p) = max

‘ 1<r<d 1—w,(91)

— 1=wi(0)

E—
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-
General Embedding for any drg

Embedding/Eigenpolytope

m _ Uel( x)

Let p: V(G) — R™ be defined as p(x) := 3l ), (A= 0]

dx.y) = r = |Ip(x) = p(y)|l2 = |/ :=exld).
|

e 1w (o)
] . —wi(b1) — Wi\v1)
I ® exp(p) = max —— —— =/{ wi(61) 1
r

\ @ cont = max ——————.
\ () 1<r<d  [1=w,(61)

I T—wi(01)
1-— W1
o dist*(p) 1<r<d{ (1— w, (0 )}
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|
Bounds on ¢,(G) for drgs

Recall
o maxgeo, {3(Q)} = c2(G) = min,{dist()}

. k — 0;
® Q = (k—Bk)l — . = —
Q (k — Bk )l — A+ BA,, where 3 12|£dvr(k)—v,(9j)
ug, (x)

o =
P(x) /2006, ()09, () (A—wi (01))
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|
Bounds on ¢,(G) for drgs

Recall
o maxgeo, {3(Q)} = c2(G) = min,{dist()}

. k — 0;
@ Q :=(k—Bk)I — . = A
Q (k — Bk )l — A+ BA,, where 3 12|£dvr(k)—v,(9j)
ug, (x)

o =
P(x) /2006, ()09, () (A—wi (01))

Cioaba, G., lhringer and Kurihara 2022+

max {r2 min {1_”’1(61)}} < &(G)? < max {,21—""1001)}

1<r<d 1<j<d | 1 — w.(6)) ~ 1<r<d 1—we(6h)

Least Distortion distance-regular graphs AGTIW Fall 2022 24 /32



Revised Conjecture

Cioaba, G., lhringer and Kurihara 2022+

1—wi(6;
max < r> min w < C2(G)2 < max
1<r<d 1<j<d | 1 — w.(6)) 1<r<d

o)

Conjecture (Vallentin 2008)

o p o [1-w(0)
o(G) =d 12‘@1 { 1- Wd('gj') } '

Himanshu Gupta Least Distortion distance-regular graphs

AGTIW Fall 2022 25/32



Revised Conjecture

Cioaba, G., lhringer and Kurihara 2022+

1—wi(6;
max < r> min w < C2(G)2 < max
1<r<d 1<j<d | 1 — w.(6)) 1<r<d

{r2 1-— W1(91)
1 — w,(01)

|

Conjecture (Vallentin 2008)

C2(G)2 = d? min L— wi(0))

2 AT

Conjecture (Cioaba, G., lhringer and Kurihara 2022+)

. 1—wi(6))
2 _ 2 1Y)
e(C)” = r—dot.d {r 1524 { 1 —w,(0)) }}
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Revised Conjecture

Cioaba, G., lhringer and Kurihara 2022+

Ut

1—w(6))

min 1_ W,(QJ)

1<j<d

max

< (G)? < max
1<r<d

T 1<r<d

{r

2 1 — W1(91)
1 — w,(01)

|

Conjecture (Vallentin 2008)

) 1—wi(6))
2 _ 2 1Y)
@(G)° = d° min 1= wa(0))

1<j<d

Ll

Conjecture (Cioabd, G., lhringer and Kurihara 2022+)

. 1-— w1 9'

@(G)?> = max {r* min 1= w(%) = max
r=d—1,d 1<j<d | 1 — w,(6)) r=d—1,d

Least Distortion distance-regular graphs

{
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1-— w,(Hl)

21— wi(61)

b
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Revised Conjecture

Conjecture (Cioabd, G., lhringer and Kurihara 2022+)

. 1—wy(6) 1— wi(6q)
C2(G) - r:ngi)l(,d {r 152‘1 { 1- Wr(gj) }} r:rgi)l(yd {r 1- Wr(el) .

Holds true for:

e Grassmann graph Gg(n,d).

e Odd graphs Oy.1.

o Bilinear forms graph Bg(n, d).
@ Hadamard graphs.

o All drgs of diameter 3.

@ many more...
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Conjectures

Main Conjecture (Cioabd, G., Ihringer and Kurihara 2022+)

. 1—wy(6) 1 — wi(6h)
2 _ 2 G 1 P/ O G 2- — MV
Cz(G) o r:rgi)f,d {r lggd { 1- Wr(QJ) }} r:mdi)fvd {r 1- Wr(el) ‘
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Conjectures

Main Conjecture (Cioabd, G., Ihringer and Kurihara 2022+)

. 1—wy(6) 1 — wi(6h)
2 _ 2 G 1 P/ O G 2- — MV
Cz(G) o r:rgi)f,d {r lg}lgd { 1- Wr(QJ) }} ’:mdi)]id {r 1- Wr(gl)

3

Conjecture 1

. {1 . Wl(aj)} 11— wy(6y)

15\ T—wo(6)) | ~ 1= wi(6y)
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Conjectures

Main Conjecture (Cioabd, G., Ihringer and Kurihara 2022+)

. 1—wi(6)) 1 — wi(61)
2 _ 2 L —wmYj) _ 22 7 WI\V1)
Cz(G) N r:rgi)f,d {r lglgd { 1- Wr(QJ) }} r:mdi)f’d {r 1- Wr(el) ‘

Conjecture 1

min
1<<d

min 71_%(01) = min 71_%(91) .
1<r<d r2 r=d—1,d r2

Conjecture 1 4+ Conjecture 2 imply Main Conjecture.
Conjecture 1 & Conjecture 2 true for all IA on Brouwer's list.
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{1 — W1(0j)} _ 1—wy(61)
1-— W,(GJ-) 1-— W,»(Ql) '

Conjecture 2




Conjecture 1

Conjecture 1

min

1<<d

{1 — W1(9j)} _ 1—wy(6h)
1-— Wr(ej) 1-— Wr(91) '

Conjecture 1 implies that p is optimal and c;(G) = dist(p) = cont(p).

Ao Al cee Ar ce Ad
1 S o 1
1 wr(61) wq(01)
1 wr(62) wg(62)
1 wy(0g—1)
1 va(64)
ag by 0 L. 0 1 1
a a by 0 0 wi(6;) wi(6;)
o : : : =%
0 ... a1 a1 bg_1| |wg_1(6;) wy—1(6;)
0 S L cq ay wq(0;) wy(0;)
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Conjecture 2

Conjecture 2

11— w(01) , 1 — w,(6h)
min —_— = min —_— .
1<r<d r2 r=d—1,d r2
©

Conjecture 2 implies that c(G) < cont(p) = max,—q—_1,4 {r\/ivll_wl(el))} .
—w,(V1

Ao A1 s A t Ad
1 1 L 1 ce 1
1 wi(61) wy(61) wg(61)
1 w1 (02) wr(62) wq(62)
1 w(0g_1) w,(9.df1) wy(0g—1)
1 wq(0q) w; (0g) va(0q)
0 b 0 1 1
a a by 0 0 wi(01) wi1(01)
. —o
0 . Cd_1 ad_1 by_1 wy_1(01) wg—1(01)
0o ... ... cd ag wg(01) wq(01)

Himanshu Gupta Least Distortion distance-regular graphs AGTIW Fall 2022 29/32



Conjecture 2

Conjecture 2
min L= wilf) wr(61) = min 1= wilbh) wr(61) .
1<r<d r2 r=d—1,d r2
Cioaba, G., Ihringer and Kurihara 2022+

. 1-—- Wr(el) . 1-—- Wr(gl)
min e — = min —_— .
1<r<d r2 [41<r<d r2

@ Conjecture 2 true for drgs with diameter 3 or 4.
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Least distortion of graphs of five platonic solids

7\ o(G)=1
/
i(61) = {3;1} Tetrahedron
/A C2(G2) = \/g
. G. . . //J
1»( o) = {3,2,1;1,2,3} .
”,w,'//‘? Q C2(G3) = \/5
1(G) = {4, 11,4}
A Octahedron
i VE-1
y \ ‘ 2(Gs) =3
i(Gy) = {5,2,1;1,2,5} 2v5
» Icosahedron
’ 3—5
i(Gs) = {3,2,1,1,1:1,1,1,2,3} Dodecanecron 2(Gs) =5 6
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Least distortion of several families of drgs

Twisted Grassmann graph
Bilinear forms graph
Dual Polar graph
Alternating forms graph
Quadratic forms graph

Half dual polar graph
Gosset graph E7(1)

Exceptional Lie graph

Affine Eg(q) graph

name (G)
Hamming graph Vd
Johnson graph vd

Halved cube Vd
Doob graph Vd
Grassmann graph d qdfl/[ }
q

Q
Q
Q
|
-
~
—
ol ~a
EY

Q
Q
Q
|
-
—a

Q
—
EY

T ] Q
Q Q
| |
-
~
— | —
—a
- EY

~ | ~

d 1/[¢
aybr/[i],
ayfor=/[1],
V3
3ye/[i,
v/[3],

name (G)
Witt graph Mag %\/45
Witt graph Mp3 2,/4

- &5
Triality graph [

Unitary dual polar graph
Hermitian forms graph
Hadamard graph

Taylor graph

Generalized hexagons

Generalized octagons

Odd graph Og41

Q
Q
Q
|
A
~
=
o)
a

(b9 +b9—14b+1)pd—1

d
(b9+b+1) [1] .
3,/ V2E—1
2pu+1

k—z;

3 pra

3 t\/st
(Vst+1)(t+1)

T g
a2igese TITAL
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