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A graph Γ is G -vertex-transitive (G -arc-transitive) if G ≤ Aut(Γ)
acts transitively on the the vertex-set (arc-set) of Γ.
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Theorem (Potočnik, Spiga, V 2017)
The number of 3-valent arc-transitive graphs of order at most n is
∼ nc log n .
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What is going on?
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Let Γ be a G -vertex-transitive graph and let v be a vertex of Γ.
Γ(v )

Gv
denotes the permutation group induced by the action of Gv
on the neighbourhood Γ(v ). (We call this the local group.)
The local group is a permutation group. It does not depend on the
choice of v . Its degree is equal to the valency of Γ.
Γ(v )

If Gv
is permutation isomorphic to L, we say that (Γ, G ) is
locally-L.
For example, (Wm , Aut(Wm )) is locally-D4 .
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Conjecture (Potočnik, Spiga, V 2011)
Semiprimitive ⇐⇒ graph-restrictive.
(A permutation group is semiprimitive if every normal subgroup is
either transitive or semiregular.)

Theorem (Potočnik, Spiga, V 2011)
Semiprimitive ⇐= graph-restrictive.
Many other results in the other direction (Tutte, Gardiner, Weiss,
Trofimov, Stellmacher, Spiga, Morgan...)
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Proof.
Let G be the “free” group generated by d involutions a1 , . . . , ad ,
and consider the series G = G0 ≥ G1 ≥ G2 ≥ · · · where
Gi+1 = (Gi )2 for i ≥ 0. Let Γi = Cay(G /Gi , {a1 , . . . , ad }). Gi is
free for i ≥ 1 and we can calculate |Gi : Gi+1 | using the Schreier
Index Formula. This gives us the formula for |V(Γi )|. G /Gi has
exponent 2i , almost by definition. To keep control of |Aut(Γi )|, we
use the fact that the local action is Sym(d) which is known to be
graph-restrictive.
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In applications, we often don’t really need that |Gv | is bounded by
a constant, only that it grows “slowly” with |V(Γ)|. (Polynomial
growth usually is enough.)
We can (informally) define the “growth rate” of a permutation
group L: in the class of locally-L pairs (Γ, G ), how fast does |Gv |
grow as a function of |V(Γ)|?
For example, graph-restrictive ⇐⇒ constant growth.
The fastest possible growth is exponential, and it is achieved, for
example by D4 .
We also know of some groups with polynomial (non-constant)
growth, such as Dn for n even, n ≥ 6.

Main problem

Problem
Find the growth rate of every permutation group.
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Theorem (Hujdurović, Potočnik, V 2021)
The remaining 3 groups have exponential growth.
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= Z22 ⋊Sym(3) < Z32 ⋊Sym(3) = Z2 ≀Sym(3) ≤ Sym(6),
where Z22 consists of the codimension 1-subspace of elements with
entries having sum 0 in Z2 .
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We start with a locally-Sym(3) 3-valent graph, then take the
lexicographic product with an edgeless graph of order 2.
We need to find a “large” subgroup of the automorphism group
that is locally-L.
The 1-eigenspace over Z2 of the 3-valent graph turns out to be
relevant!
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Characterize groups of polynomial graph-type.

